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ABSTRACT

Nanofluids have gained significant attention in industrial and engineering applications due to their enhanced thermal conductivity,
making them suitable for cooling systems, heat exchangers, and electronic devices. Despite extensive research on boundary layer
flow in nanofluids, the influence of thermodiffusion (Soret effect) and diffusion-thermo (Dufour effect) in the presence of second-
order slip has not been thoroughly explored. This study aims to investigate the effects of second-order slip, Soret, and Dufour
parameters on stagnation boundary layer flow over a stretching/shrinking sheet immersed in a Cu-water nanofluid. The primary
objective is to analyze how these parameters influence skin friction, heat transfer, and mass transfer characteristics. The governing
partial differential equations are transformed into ordinary differential equations using similarity transformations and numerically
solved via the bvp4c solver in MATLAB. Results indicate that the presence of the first-order slip parameter broadens the solution
region, whereas the second-order slip parameter narrows it. Additionally, the Soret effect enhances the heat transfer rate, while
the Dufour effect increases mass transfer at the surface. The study also reveals the existence of dual solutions, necessitating a
stability analysis to determine which solution is physically realizable. The findings provide valuable insights into optimizing nanofluid
applications in industrial and engineering processes.

Keywords: Stagnation point flow; nanofluids; stretching/shrinking; second-order slip; Soret and Dufour effects; stability solutions

1. Introduction

Consideration of nanofluids in industrial processes and engineering fields such as cooling systems
in electronic devices, heat exchangers, nuclear reactors and automotive cooling applications have
become a great attraction nowadays. This is due to advantages of nanofluids which can enhance
thermal conductivity up to two times by adding a small amount (<1% volume fraction) of
nanoparticles in the fluid [1]. Nanofluids are also known as a based fluid that contains nanometer-
sized particles (called as nanoparticles). Since water, ethylene-glycol and mineral oil has lower

* Corresponding author.
E-mail address: najwanajib@usim.edu.my

https://doi.org/10.37934/spaset.2.1.1531

15



Semarak Proceedings of Applied Sciences and Engineering Technology
Volume 2, Issue 1 (2025) 15-31

thermal conductivity that is not sufficient to act as a cooling agent and hence nanofluid is one way to
address this matter. Many works have been investigated involving nanofluids in boundary layer flow
which can be found in [2-7]. Recent advancements in nanofluid research have expanded into hybrid
nanofluids and complex flow conditions. Studies such as the Darcy-Forchheimer flow of hybrid carbon
nanotube-based nanofluid over a permeable stretching/shrinking curved surface have provided
insight into fluid dynamics over non-planar geometries, showcasing the impact of permeability and
nanoparticle volume fraction on flow characteristics [8]. Additionally, the magnetohydrodynamic
(MHD) flow of Williamson hybrid nanofluids over a non-linear shrinking sheet with viscous dissipation
and Joule heating extends the understanding of heat transfer in non-Newtonian hybrid nanofluids
[9]. These studies highlight the transition from conventional nanofluids to more complex hybrid
systems, paving the way for future applications in thermal management and energy systems.

Furthermore, thermodiffusion (Soret effect) and diffusion-thermo (Dufour effect) play a crucial
role in heat and mass transfer, especially in the presence of concentration gradients and temperature
variations. These effects are significant in applications such as the fabrication of semiconductor
devices, polymer separation, and enhanced oil recovery. By adding chemical species to the surface
of the fluid, then the density may vary at the surrounding fluid, therefore Soret and Dufour effects of
heat and mass cannot be negligible. The application of the thermodiffusion in industrial applications
can be found in fabrication of semiconductor devices in molten metal and semiconductor mixtures,
separation of polymers and DNA as well as in optimum oil recovery from hydrocarbon reservoirs, see
Eslamian [10]. The first research on existence and development of Soret and Dufour effects was done
by Kafoussias and Williams [11] where they consider both effects on vertical plate with temperature
dependent viscosity. Elbade et al., [12] has extended the previous work in power law non-Newtonian
fluid. Some investigation has been carried out to study Soret and Dufour effects passing through
permeable plate, when the plate is partially heated and when the plate is oscillated in horizontal
cavity [13-15]. Instead of studying the effects on different plates, Hayat et al., [16] and Pal et al., [17]
considered the thermodiffusion and diffusion-thermo in Maxwell fluid and nanofluid, respectively.
The consideration of Soret and Dufour effects on MHD boundary layer flow has been presented in
the works by Hamid et al., [18], Subhakar et al., [19] and Reddy et al., [20]. More, some work on the
effects of Soret and Dufour has been done when the fluid is immersed in porous medium in boundary
layer [21-24]. Very recently, the influence of magnetohydrodynamic orientation on Soret and Dufour
effects within inclined, corrugated triangular cavities containing non-Newtonian fluids, underscoring
the impacts of magnetic alignment, cavity inclination, and fluid rheology on convective transport
dynamics [25].

One of the key factors influencing nanofluid behavior in boundary layer flows is the slip condition
at the surface. While classical no-slip boundary conditions have been widely assumed, practical
situations such as rarefied gas flows and microfluidic applications necessitate considering velocity
slip effects. The first-order slip model has been extensively studied; however, recent findings suggest
that the second-order slip model can more accurately describe the flow dynamics, particularly in
high-Knudsen-number regimes. Hence, Wu [26] have formulated a second order slip model for
rarefied gas flows from kinetic theory. The proposed second order slip model was used by Fang and
Aziz [27] and Fang et al., [28]. Recently, Mabood and Mastroberardino [29], Mabood and Das [30]
and Mabood et al., [31] had applied the slip model in their works on MHD boundary layer on a melting
plate. The study on unsteady cases in different fluids such as in micropolar and nanofluid were
investigated by Narayana and Gangadhar [32] and Alam et al., [33]. Wu [34] again analyzed the mass
suction on viscous gas flows over a stretching/shrinking sheet. A numerical analysis of MHD ternary
hybrid nanofluid flow past a permeable stretching/shrinking surface with slip effect have been
recently studied in [35].
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The focus of this paper is to extend the work by Bachok et al., [5] when thermodiffusion (Soret
effect) and diffusion-thermo (Dufour effect) is taken into consideration with presence of second
order slip at the boundary condition. The stability solutions are implemented into this study due to
dual solutions obtained. Therefore, we carry out numerical computation to verify either first or
second solution is stable and physically realizable. The pioneer research on stability solutions was
done by Merkin [36]. Very recently, many works on stability solutions can be found in Bachok et al.,
[37], Ismail et al., [38] and Najib et al., [39,40].

The current literature lacks a comprehensive investigation of the combined effects of second-
order slip, Soret, and Dufour on stagnation boundary layer flow in nanofluids. Understanding these
interactions is crucial for optimizing thermal and mass transfer processes in advanced industrial
applications. This study aims to address this gap by numerically analyzing the impact of these
parameters on skin friction, heat transfer, and mass transfer characteristics over a
stretching/shrinking sheet immersed in Cu-water nanofluid. Additionally, stability analysis will be
conducted to determine which of the dual solutions is physically realizable, providing further insights
into nanofluid dynamics. Apart from that, the present study focusses on nanofluid, hence the results
obtain can be set as a benchmark to investigate advance fluid such as hybrid and ternary nanofluid.

2. Methodology
2.1 Basic Equations

Consider the flow of incompressible nanofluid in the region y > 0 driven by a stretching/shrinking
surface located at y =0 with a fixed stagnation point at x =0 in the presence of Soret and Dufour

effects as well as slip effect at the wall. It is assumed that the free stream and stretching/shrinking
velocity are assumed in the linear form U, =ax and U, =bx, respectively where a and b are

constant with a>0. Note that >0 and <0 correspond to stretching and shrinking sheet,
respectively. Under these conditions the boundary layer equations are:

ou _ 9v_, (1)
ox Oy

Cu a”+v‘3—”=Ue—e+—'—2 2)
ot ox Oy dx p, Oy

or oT oT o’T DK, o°C
+ tv—=a,—5+ >
ot ox oy T oy cc, Oy

(3)

oC oC oC _ &°C DK, T
+ + = +

Ly op 2 : (4)

ot ox oy oy T oy

along with the initial and boundary conditions:

t<0:u=v=0, T=7T, C=C, for any x, y

t20:u=U,+U,,v=0, T=T,, C=C, at y=0 (5)
u—->U,, T->T, C—->C, as y—>o
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where 1 and v are the velocity components along x — and y — axes, respectively, T is the nanofluid
temperature. U, is the slip velocity at the wall. The Wu'’s slip velocity model (valid for arbitrary

Knudsen numbers, Kn) is used in this paper and is given as follows [25]:

3 g2 2
v, ==2| 22l S0 0u e, 2 (_py |z 2
r3 a 2 K, oy 4 K oy

2
— 494, pon

oy oy

(6)

where 4and B are constants, K, is Knudsen number, /=min(l/K,,1), @ is the momentum

accommodation coefficient with 0 <a <1, and A is the molecular mean free path. Based on the
definition of /, it is seen that for any given value of K, , we have 0 </ <1. Since the molecular mean

free path A is always positive it results in that B is a negative number.
Further, «,, is the effective thermal diffusivity of the nanofluid, x,, is the dynamic viscosity of

the nanofluid and Py is the density of the nanofluid, which given in Table 1 (Oztop and Abu-Nada,
[2]). The physical characteristics of the nanofluid are given by:
k. U,
nf /
a,=——r—, W,=——"—
" (pC,), (1-p)**
k., B (k,+2k,)-2¢(k, —k,)
k,  (k+2k)+o(k, k)

Py =0=-0)p, +ep,,
(7)

(pC),,=0=-9)(pC,), +p(pC,),,

where ¢ is the nanoparticle volume fraction, k&, is the effective thermal conductivity of the

nanofluid and C is the specific heat at constant pressure.

Table 1
Thermophysical properties of fluid and nanoparticles [2].
Physical properties Fluid phase (water) Cu
C, (J/kgK) 4179 385
p(kg/m?) 997.1 8933
k (W/mK) 0.613 400
ax10” (m?/s) 1.47 11163.1
£ x107 (1/K) 21 1.67
(a)
..L-
F 3
u I G i1, Ci U,
T N Ve
h —h\\\/ff‘!—' arac
Y T
| — |
| >
Th L Ilfll'.' e >

Uy + Uggiy Uy, + Usyyy
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T

I, Gy
C c E ﬂ:gzﬂ
dx  dx
I ) (.
Il'llj'.'.f.h

. X
L

—P— T:‘J . { -Jln' ‘—
U+ Ugyyy Uy + Usgiy
Fig. 1. Physical model and coordinate system (a) stretching sheet and
(b) shrinking sheet

2.1 Steady-State Solution (&/0t =0)

Introducing the following similarity transformation.

Tr-T c-C a
= 1% . 9 = 0 , = 2 , = —Y,
y=\avxf(n), 0(1) T, (1) coc Ty

(8)

where 7 is the similarity variable and y is the stream function defined as u=0w /0y and
v=-0y /0x , which automatically satisfied Eq. (1). Substitute the similarity variables (8) into Egs.

(2) to (4) we obtain the following ordinary (similarity) differential equations.

1
1-p)*(-p+@p,/ p,)

S-SR 41=0

k
B gri v ptpe,), /(pe,), ) (0'5 DY) =0
f

o"+ Sc(f¢'+ Sr@") =0
subject to the boundary conditions:

f(0)=0, f(O0)=e+af"(0)+57"0), 6(0)=1, ¢0)=1
f'm—-1 00)—>0, ¢)—>0 as 7o

(9)

(10)

(11)

(12)

In the above equations, primes denote the differentiation with respect to7n. Following
Mukhopadhyay and Andersson [41], we take A=a‘/vf /a and B:5(vf /a) with o >0 being the

first velocity slip and & <0 is the second velocity slip parameters (see Fang et al., [27]). Here Pris
the Prandt number, Sc is the Schmidt number, Sr is the Soret number, Df is the Dufour number

and ¢ is the velocity ratio parameter which are defined as:
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_ DmKT Cf _Cw
viee, T, —T, ’

T.-T
Pr:—f’ Sc:_f’ Sy = DmKT S/ o

, D
D v,T, C,-C, /

£E=—, (13)

IS

where ¢ >0 for stretching and & <0 for shrinking.
The physical quantities of practical interest are the local skin friction coefficients Cf , local Nusselt

number Nu_and local Sherwood number Sh_which are defined as:

Cf = TW 27 Nux = =t s th = ki H
CopU, k (T, -T,) D,(C,-C,)

(14)

where 7 is the skin friction or the shear stresses on the stretching/shrinking sheet, ¢, is the heat
flux from the surface of the plate and ¢, is the mass flux from the surface of the plate, which are
given by:

Tw = lunf a_u 2 qw = _knf a_T ’ qm = _Dm a_C ’ (15)
V) NG Y )

Using Eq. (8) in Eq. (14) and Eq. (15), we obtain:

k
(Re.)" €, = e 10, R Nty ==200/0), Re ™ Sh, =410 (16)
)

where Re_ = ax’ /v, is the local Reynolds number.

2.3 Stability Equations

Rosca and Pop [42] and Weidman et al., [43] have shown for the forced convection boundary
layer flow past a permeable flat plate and, respectively, for the mixed convection flow past a vertical
flat plate that the lower branch solutions are unstable (not realizable physically), while the upper
branch solutions are stable (physically realizable). We test these features by considering the unsteady
Egs. (2)-(3). Thus, we introduce the new dimensionless time variable 7 =at. The use of 7 is
associated with an initial value problem and is consistent with the question of which solution will be
obtained in practice (physically realizable). Using the variables 7 and (8), we have:

/a — T-T, Cc-C,
77: ;’ l//: anXf(n,T), e(n’f)sz—T ’ ¢(77’T):C —C ’ T=at (17)

®© f ©

so that Egs. (2) and (3) can be written as:

3 2 ? 2
1 O L (TN O (18)
=0y (=g+op /pon’ = on \on) — onor
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k, 0°60 00 o’¢ 06

- +Pr(l-gp+ / NWS—+Df ———1|=0 13
k, o (1-p+o(pc,), (pcp)f)(fan f8772 arj (19)
2 2
00 yse| p 281509 221y (20)
on on on- Ot

Subject to the boundary conditions:
F(0)=0, F'(0)=0F"(0)+5F"(0), G,(0)=0, H,(0)=0, 21)

F,'(n)—>0, G,(n)—>0, H,(n)—>0 as n—>wx

It should be mentioned that for particular values of ¢,0,8,Pr,Sr, Df,Sc and ¢ the stability of
the corresponding steady flow solution f(77), 6,(7)and ¢,(r7), is determined by the smallest
eigenvalue y . According to Harris et al., [44], the range of possible eigenvalues can be determined
by relaxing a boundary condition either on F(n7), G,(n7) or H (7).

3. Methodology

The system of nonlinear ordinary differential Egs. (9) — (11) along with respective boundary
condition Eq. (12). The numerical solutions are obtained using MATLAB'’s bvp4c solver, ensuring
accuracy through comparison with prior validated studies. The stability analysis follows the approach
outlined by Merkin [36], determining the physically realizable solutions. Several values of selected
parameters namely first order slip parameter o, second order slip parameter &, nanoparticle
volume fraction parameter ¢, Soret effect parameter Sr as well as Dufour effect parameter Df have
been analyzed to investigate the flow behavior on the boundary layer. Table 2 and 3 depict the
comparison of numerical results with previous research. As stated in the tables, our numerical results
are in a very good agreement with the previous papers and hence give us confidence that our
numerical results obtained, and figures are correct.

Table 2
Values of f"(0) for some values of ewhen 0 =0 =Sr=Df =0 ¢=0.1
£ Bachok et al., [5] Present Value
First Solution Second Solution First Solution Second Solution
2 -2.217106 -2.217106
1 0 0
0.5 0.837940 0.837940
0 1.447977 1.447977
-0.5 1.757032 1.757032
-1 1.561022 0 1.561022 0
-1.15 1.271347 0.137095 1.271347 0.137095
-1.2 1.095419 0.274479 1.095419 0.274479
-1.2465 0.686379 0.651161 0.686382 0.651157
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Table 3

Values of C, Re "? for some values of e and ¢ =0.1 when 6 =8 =Sr=Df =0
£ Yacob et al., [9] Bachok et al., [5] Present results
-0.5 1.8843 2.2865 2.2865
0 1.8843 1.8843
0.5 1.0904 1.0904

The skin friction coefficient, temperature gradient and also concentration gradient are plotted
for some values of first and second-order slip parameter (o and ¢ ) in Figures 2-4. In the absent of
slip parameters (a =0= 0), the unique solution is occurred from & > —1, dual solutions happen in

between & <& <-1 and no solution is mark when & < &, (see Figure 1). On the other situation when
we consider first and second-order slip parameter at the boundary, the region of dual solutions
become larger from & critical (&,) up to -0.9 (&, <&<-0.9)(see Figure 2). In the absent of first
order slip parameter (o =0), the dual solutions are admitted to happen from &, up to -0.5
(5C <g< —0.5) when we increased the second-order slip parameter |§| . However, the presence of

first-order slip parameter o causes the region of solutions become larger compared to only second-
order slip ¢ is considered (the critical values in Figure 3 are larger than in Figure 4). Therefore, the

second order slip parameter (5 # O) leads to narrowing the region of solutions while the first order

slip parameter (O';t()) result in broadening the region of solutions. In the presence of slip

parameters at the boundary cause decrease the surface shear stress and mass transfer at the surface
due to slippery surface (reduced the holdings between nanoparticles). However, heat transfer rate is
increasing as the first and second order slip parameter (0-,6) is increasing.

2 1.9
s g =—3.2945 g, =—19339 @ 6 1 L7 First Solution ()
RN 8
1.6

— — — Second Solution
6=0,05,1

14 13 6=0,-0.5,-1
12 1.1 Pr=62
. | Sr=04
f"0) -0'0) 0.9 Df=0.15
0.7 0=0.1
08 ) Se=1
0.6 0=01 0.5
0.4 03
First Solution
0.2 \ 0.1 —_—
= | ——=—=8econd Solution \ -
0 ~ -0.1
35 3 25 2 15 -1 05 0 05 1 508025 2 s 05 0 05 ]
€ €
0.44
g, = —3.2945 ©
0.39 g, =—19339
0.34
0.29
024 - Pr=6.2
- Sr=04 AN
0019 - pF=0.15 \ \\
L e=01 A
014 F o= A
0.09 g, = —1.2465
First Solution Iy
0.04 — — —Second Solution \\ \\\

-0.01
-3.5 -3 -2.5 -2 -LS -1 -0.5 0 0.5 1

Fig. 2. Skin friction coefficient f"(0), temperature gradient —@'(0)and concentration

gradient —¢'(0) vs. € for several values of o and 6.
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£ =—-2569 ¢ =-17973 (3 19
06=0.1,0.5,1 _ ——— First Solution
1.7 o=
15 — — = Second Solution
13 Pr=6.2
Sr=04
LI T pr=o1s
oo - =01
&= -1.3233 ~ Se=1
0= | 0.7
5=
5
Y | 0.5
First Solution \ '\ 0.3
RN -
— — - Second Solution \\\\ o1 N____
~ 0.1
-2.5 -2 -L5 -1 -0.5 0 0.5 1 3 2.5 -2 L5
£
0.45
0.35
0.25
4(0) \ \ Pr=62
015 \ \ Sr=04
e =-2569 N\ € =-13233 Df=0.15
| =0.1
AN \\ | G-t
Se=1
0.05 SN
~ N\ First Solution
S
— — - Second Solution
-0.05
-3 2.5 22 L5 -1 -0.5 0 0.5 1

(b)
0.1,05,1

Fig. 3. Skin friction coefficient f"(0), temperature gradient —6'(0) and concentration

gradient —¢'(0) vs. € for several values of o

0.1
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0.8 -06 -04 -0
€

L6 <14 12 -l
0.38

0.28

-4(0)

0.18

0.08

-0.02

. . 1.9
First Solution - 8=-01,-05,-1
— — = Second Solution o
L5
0=0.1
=0 L3
L1
-0'0
(0) 09
0.7
0.5
0.3
0l = 117018l =
-0.1
2 0 02 04 06 08 1 -1.8 -16 -14 -12 -1 -08 -0.6
£, = —10523 ©

Pr=62
| \ $r=04
Df=0.15
0=0.1
Sc=1

— First Solution

\ — — = Second Solution

-18 -16 -14 -12 -1 -08 -06 -04 -02 0 02 04 06 08 1
3

()

Pr=62
Sr=04
Df=0.15
0=01
Se=1

First Solution

— — — Second Solution

-04 02 0 02 04 06 08 1
€

Fig. 4. Skin friction coefficient f"(0), temperature gradient —6'(0) and concentration gradient

—'(0) vs. € for several values of §
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Figure 5 indicates the skin friction coefficient, temperature gradient and concentration gradient
for some values of nanoparticle volume fraction between 0 to 0.2 (O <p< 0.2). From these figures,

we want to discuss how the number of nanoparticles will affect the skin friction coefficient, heat as
well as mass transfer at the surface. The skin friction coefficient and mass transfer are increasing
when we increase the nanoparticle volume fraction while the increase of nanoparticle volume
fraction causes decrease the heat transfer at the surface. Since nanoparticles enhanced the thermal
conductivity of the fluid, higher values of thermal conductivity are accompanied by higher values of
thermal diffusivity. Hence high value of thermal diffusivity leads to drop in the temperature gradient
or heat transfer rate at the surface (see Sharma and Ishak [45]).

2 22
s & = —1.9956 (a) First Solution 2 Pr=62 ®
— — — Second Solution 1.8 Sr=04
1.6 Df=0.15
» L6 ge=1
14
1.2 12
70 1 90) 1 | & =-1995 0=0,0.1,02
0.8 0.8 \
06 0.6
04
04 0.2 o6 =—17162 First Solution
02 o/ 93;1--___ — — — Second Solution
0 02 =
- 2.2 1.8 14 1 0.6 0.2 02 0.6 1

0.5

g =—19956 (© 9=0,0.1,0.2
0.45 p
£, =-17162
0.4 X :
0.35
0.3
-0'(0) 0.25
02
\
0.15 N _
£, =—19339\ \\\ Pr=62
0.1 AN Sr=04
\ \\ Df=0.15 First Solution
0.05 Y _ ‘
N Se=1 — — = Second Solution
0 A
22 <18 <14 -1 06 02 02 06 1

Fig. 5. Skin friction coefficient f"(0), temperature gradient —@'(0) and concentration gradient
—@'(0) vs. € for several values of ¢

The effects of Soret and Dufour are presented in Figures 6 and 7. In Figure 6 we have fixed
the value of Dufour effect Df is equal to 0.15 (Df = 0.15)where we are only focusing on different

values of Soret effects Sr. The heat transfer is increasing when we increase the values of Sr but the
other situation is observed where mass transfer is decreasing as Sr increased. Soret effect is referred
to as thermal diffusion (thermodiffusion) where the particles (in this case we consider nanoparticle)
are diffused from higher temperature to lower temperature due to the mass flux. The different

effects on Dufour Df can be seen in Figure 7 where Soret effect is taken to be 0.15 (Sr = 0.15). The

reverse observation has been reported where the heat transfer is decreasing when we increased Df
meanwhile the mass transfer is increasing as Df is increasing. This is because Dufour effect is the
reverse phenomenon of Soret effect called diffusion-thermo. The nanoparticles diffused from higher
concentration to lower concentration due to energy (heat) flux. The findings of this study have
significant practical implications in industrial and engineering applications. The enhanced
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understanding of slip and thermodiffusion effects in nanofluid flow can be applied in designing
efficient cooling systems, such as heat exchangers, microelectronics cooling, and biomedical thermal
therapy. The ability to manipulate heat and mass transfer properties through slip parameters and
nanoparticle concentration provides a pathway for optimizing energy efficiency in industrial
processes. Future research should focus on experimental validation of the theoretical results,
exploring hybrid nanofluids, and extending the analysis to three-dimensional flow conditions for
more comprehensive modeling.

1
18 (a) —— First Solution (®)
1.6 Sr=0,0.050.15,04 08 |I——- Second Solution
L4 ?
1.2 0.6 |
40 ! §(0) 0.
Pr=62 004
0.8 _ ~
0=0.1 %\\\
06 Se=1 02 | TR
Df=0.15 §Q Pr=62
0.4 §§ T=6.
First Solution 0 ~ v 9=01
_ Sc=1
0.2 §§§- — — — Second Solution g =—-19339 5r=0,0.050.15,0.4 DE=0.15
0T —— 0.2
-2 -1.5 -1 -0.5 0 0.5 1 -2 -1.5 -1 -0.5 0 0.5 1
3 £

1.8 1
(@) First Solution ®)
1.6 Df=0,0.050.15,04 .
0.8 |— — — Second Solution
1.4 I/f
1.2 0.6
' 1
0o -4'0) 0.4 /
0.8 Pr=6.2 \\
=0.1 ~ =
06 gc -1 02 \\\ Df=0,0.050.15,04
. Sr=0.15 ~ Pr=6.2
0.4 ) ) G -
— First Solution 0 ~ =01
02 - N ‘ Se=1
\;;;*--. — — — Second Solution £, =—19339 Sr=0.15
0 E=E=- -0.2
-2 -1.5 -1 -0.5 0 0.5 1 -2 -1.5 -1 -0.5 0 0.5 1
& €

Fig. 7. Temperature gradient —6'(0) and concentration gradient —¢'(0) vs. € for several values of Df

The dual velocity, temperature as well as concentration profiles have been shown graphically in
Figures 8-11 to support our numerical results and the Figures 2-7 obtained are correct. All presented
profiles satisfy the far field boundary conditions Eq. (12) by obeying the behavior or characteristic of
the flow asymptotically. Moreover, the boundary layer thickness for the second solution is always
larger than the first solution.
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The smallest eigenvalues y for some values of ¢in various values of first and second order slip
parameter (0',5) are presented in Table 4. As we can see that the eigenvalue y will approaching
zero (7 — 0) when the selected value ¢ is nearer to the critical point ¢, . From our observation, y

is positive (stable solution) for the first solution and negative (unstable solution) for the second
solution. The solution is said to be in stable state when there only slight disturbance on the flow
system that does not affect the flow characteristics while the unstable solution is stated when there
existed initial growth of disturbance that affect the flow system. Thus, the first solution is said as a
stable solution and hence can be realized physically but the second solution is corresponding to
unstable solution and at once their physical meaning cannot be realized physically.

The stability analysis performed in this study is not only a numerical exercise but holds substantial
physical significance. In practical applications, flow stability determines whether a specific solution
can be observed in real-world scenarios. For instance, in industrial processes involving nanofluids, a
stable solution corresponds to a predictable and controllable flow regime, crucial for designing
efficient cooling and heat transfer systems. Unstable solutions, on the other hand, indicate sensitivity
to disturbances, leading to unpredictable behaviour that may compromise system performance. The
confirmation that the first solution is stable implies that engineers and scientists can rely on this
solution when implementing nanofluid-based technologies. Furthermore, the results provide a
deeper understanding of flow bifurcation phenomena, essential for optimizing boundary conditions
in advanced thermal applications such as biomedical fluid dynamics and energy storage systems.
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Future experimental studies should validate these theoretical findings to further confirm their
applicability in real-world scenarios.

Table 4

Smallest eigenvalues y for selected values of € with different c and § when ¢ =0.1

o] 6 € First Solution Second Solution

0 0 -1.2465 0.0230 -0.0229
-1.246 0.0622 -0.0614
-1.24 0.2121 -0.2036
-1.2 0.5780 -0.5172
-1.1 1.0463 -0.8437

0.5 -0.5 -1.9339 0.0150 -0.0150
-1.933 0.0593 -0.0592
-1.93 0.1205 -0.1201
-1.9 0.3538 -0.3502
-1.8 0.7043 -0.6894

1 -1 -3.2945 0.0078 -0.0078
-3.294 0.0321 -0.0321
-3.29 0.0939 -0.0938
-3.2 0.4300 -0.4266
-3.1 0.6173 -0.6102

4. Conclusions

We have studied numerically the effects of second-order slip, Soret as well as Dufour effect on
stagnation boundary layer flow over a stretching/shrinking sheet immersed in Cu-water nanofluid
using Tiwari and Das model and we also performed the stability solutions to verify which solutions is
stable. We found that:

i. the solutions happen in dual when the plate is shrinking (g < 0).

ii.  The consideration of first and second-order slip are affected the flow characteristics
where the region of solutions become narrow when the second-order slip is presented

(6 #0) while in the presence of first-order slip (o #0) the region of solutions

become broader.

iii. increasing the value of nanoparticle volume fraction ¢ leads to increase the surface
shear stress and mass transfer rate at the surface while decreasing in heat transfer
rate.

iv.  Larger Soret effect leads to increase the heat transfer rate but cause the mass transfer
rate to decrease at the surface.

v.  Larger Dufour effect cause the heat transfer rate to decrease but somehow leads the
mass transfer rate to increase at the surface.

vi.  the first solution is in stable state while the second solution is not. Therefore the
physical meaning of the first solution is realize physically whereas the physical
meaning of the second solution cannot be realized physically.
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