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ABSTRACT

The classical Sylvester matrix equations play a fundamental role in system analysis, model transformation and controller design.
However, there are limits in handling uncertainty information as all parameters of the system are assumed to be precisely known.
Uncertainty can occur in many real world applications so the classical mathematical models are insufficient to represent the system
behaviour accurately. Even fuzzy Sylvester equations are unable to capture indeterminacy or contradiction within the data.
Therefore, the study of solution framework for Fully Fuzzy Neutrosophic Sylvester Matrix Equation (FFNSME) that incorporates
truth, indeterminacy and falsity components is introduced to overcome these limitations. Left— right triangular neutrosophic fuzzy
numbers are used to represent uncertain parameters within the matrices. The Associated Linear Systems approach and the score
function method are applied for deneutrosophication to enable computational processing while preserving embedded uncertainty.
The findings demonstrate that the FFNSME framework provides a flexible representation of uncertainties compared to classical or
fuzzy Sylvester equations. This enhances the reliability of system modeling, controller synthesis and matrix equation solutions when
working with vague, contradictory or incomplete information. The formulation is applicable to a wide range of linear and nonlinear
control problems. Future research may explore optimized numerical algorithms and extensions to large-scale, highdimensional and
time-varying systems to further improve computational efficiency.

Keywords: Homotopy Analysis Metod; tangent vector; solution path; nonlinearity; differential equation; Euler; Newton; predictor
corrector; global quadratic convergence

1. Introduction

An expression of the mathematical relationships between variables and constants in matrix form
is called matrix equation. These equations are extensively applied in various fields for modelling and
solving problems, such as in physics, engineering, computer science and control systems. The solution
of matrix equations commonly involves the matrix addition, multiplication and inversion [1].
Morever, an efficient and structured framework is offered through matrix equations for representing
and computing systems of linear equations, linear transformations and other operations involving
numerical arrays [2].

Matrix equations, typically the Sylvester matrix equation, are widely used in mathematical
modelling which are appearing in both linear and nonlinear forms [3]. The Sylvester equation plays a
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fundamental role in the stability analysis of control systems, particularly in assessing the stability of
linear time- invariant (LTI) systems. The solutions can be obtained using direct or iterative numerical
methods. The Bartels-Stewart algorithm as one of the examples of direct methods computes exact
solutions by transforming the system into a simpler equivalent form [4], whereas iterative method
such as Krylov subspace approaches are more efficient for large-scale problems due to their lower
computational complexity [5].

The applicability of classical methods becomes limited as many real-world applications involve
uncertainty and incomplete information. To address this issue, Zadel et al., [6] introduced fuzzy sets
which allow partial membership values in the interval [0, 1] and provide a framework for modelling
imprecise data. Several extensions, including interval-valued fuzzy sets (IVFS) [7], cubic sets [8], soft
sets [9] and cubic sets [10], were developed to enhance uncertainty representation. However, fuzzy
models still not sufficient to handle indeterminate information. To overcome the limitation,
Smarandache et al., [11] proposed neutrosophic sets, characterized by three membership functions
which are truth (7), indeterminacy (/) and falsity (F). Overall, this framework provides greater
flexibility in modelling complex uncertainty and has been applied in diverse fields such as decision-
making [17], image processing [28] and pattern recognition [29]. A comparative study conducted by
Asmizal et al., [9] indicates that neutrosophic numbers provide a more effective environment for
solving uncertain matrix equations than classical fuzzy models.

Hence, this study is aimed to extend the existing fuzzy Sylvester framework by formulating an
improved solution method for the Fully Fuzzy Neutrosophic Sylvester Matrix Equation (FFNSME) of

AX+XB=C (1)

where the coefficients ﬂ‘,’é,& and the solution X are in the form of left right-triangular neutrosophic
fuzzy numbers (LR-TriNFN) of (m,«, B;T,1,F).

The significance of this research lies in its ability to bridge the gap between theoretical matrix
algebra and real-world uncertainty. By extending the Fully Fuzzy Sylvester Matrix Equation into
neutrosophic environments, this study provides a better mathematical framework that considers the
truth, falsity, and indeterminacy. Furthermore, the improved solution method developed a practical
computational technique that handle uncertain data without losing the important characteristics.
Consequently, this study offers a vital tool for researchers in control theory and system modeling,
allowing more reliable simulations in fields where data is often incomplete or contradictory.

The remaining part of this paper is structured as follows. Section 2 presents some preliminaries
that discuss the foundational concepts of fuzzy numbers and neutrosophic numbers with their
mathematical properties. Section 3 presents the methodology with the theoretical formulation of
the FFNSME, meanwhile section 4 provides an illustrative example. Lastly, section 5 concludes the
study with recommendations for future research.

2. Preliminaries

This section will recall some fundamental concepts including definitions and theorems related to
this study.

2.1 Theory of Fuzzy Numbers

The definitions of fuzzy numbers are given as follows.
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Definition 1. [5] Let X be a nonempty set, the fuzzy set A< in X" is characterized by its membership
function,

He: X —[0,1] (2)
and g, (x)represents the degree of membership of the element x in fuzzy numbers A for each x € X.

Definition 2. [5] The fuzzy set Ais represented by a set of ordered pairs of elements x and He which
can be written as

A= {(x, 4 0x) | x € X).. 3)

Definition 3. [5] A fuzzy set T in X has the following properties as described below,
1) U is upper semicontinuous.

2) 4= 0 is outside of some interval [c,d].

3) There are real numbers of a and b, such that c<a<d and
(a) Hyis monotonic increasing on [c,a],
(b) tis monotonic decreasing on [b,d],

(c) ,uﬂozlfor a<x<b.

Various types of fuzzy numbers have been extensively discussed in the literature, with triangular
fuzzy numbers (TriFNs) being among the most commonly used. One particular form of TriFN is the
LR-triangular fuzzy number (LR-TriFN). For more detail, the definition of LR-TriFN is provided below.

Definition 4. [12] The LR-TrifFN = (m,«, 8) has membership function as follows,

1_m—x

, mMm—a<x<m
a

X—m

dg=11— m<x<m+f (4)

0, otherwise,

where M is the mean value while o and g are the spreads on the left and right sides, respectively.

Definition 5. [30] A min-max function is a collection of equations such that at least one of the
equations has a min or max equation. Consider the positive two fuzzy numbers of A=(m,a, ) and

§=(n,;/,5), if A is positive, then the following inequalities are satisfied:

IA

(m-a)(n—y)<(m-a)(n+95), (5)

0
0<(m+B)(n—y)<(m+p)(n+6), (6)

IN
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Definition 6. [13] The product of two positive fuzzy numbers A=(m,a, §) and B=(n, y,0) is defined
as

AWB=(mn,f,f), (7)
where

fi=mn—Min((m-a)(n-y),(m+ B)n-7)),
f, =Max((m—ca)(n+y),(m+ p)n+y))—mn.

Nevertheless, this method remains limited in handling incomplete or inconsistent data effectively.
Hence, neutrosophic fuzzy numbers (NFN) were developed as an extension of both fuzzy numbers.
The next subsection will explain more detail about the theory of neutrosophic numbers.

2.2 Theory of Neutrosophic Numbers

Neutrosophic fuzzy numbers (NFN) offered a more flexible framework than traditional fuzzy and
intuitionistic fuzzy numbers as not only the incomplete and uncertain information can be managed
but also the indeterminate data. This makes the neutrosophic numbers more effective for handling
complex real-world problems. The definitions of neutrosophic numbers are as follows:

Definition 7. [14] Let X be a universal set and let x € X. The neutrosophicset A in X is characterized
by a truth (7), indeterminacy (/) and falsity (F) membership functions, then neutrosophic numbers is
given as,

A={(x,T(x),/(x),F(x)]| x € X}. (8)
There is a restriction on the sum of T, 7 and F which must be satisfied, which is
O+<T+I+F<3+. 9)

In terms of philosophy, the neutrosophic set is derived from actual standard or non-standard
subsets of ]0—,1+[. However, for technical applications the interval [0, 1] is more appropriate to be
used [15]. Same goes to fuzzy numbers, neutrosophic fuzzy numbers also classify into triangular
neutrosophic fuzzy numbers (TriNFN). For instance, a TriNFN is defined by three parameters
representing the lower, middle, and upper values, each associated with truth membership,
indeterminacy membership and falsity membership degrees. This classification helps in modeling
uncertainty more effectively by capturing the nuances of indeterminate and inconsistent information
within a triangular framework. The detailed definition and operations of TriNFN are described as
follows.

Definition 8. [16] Let N=(a,b,c;T,I,F) is single-valued TriNFN, consist of truth, indeterminacy and
falsity membership function which defined as,
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Ly-
09T aEXED
Qb-a
T, x=b
T(x)= (10)
8uT,b<x£c
Oc-b

8 o, otherwise.

b—x+I(x—a)

b—a
)= hx=b (1)
M’ b<x<c

c—b

0, otherwise.

,a<x<b

b—x+F(x—a)
b—a
Flx) = I, x=b (12)
xX—b+F(c—x)
c—b
0, otherwise.

,a<x<b

,b<x<c

Definition 9. [17] Let X, =(a,,b,,¢,;T,,I;,F)and X, =(a,,b,,c,;T,,1,,F,) be TriNFN. The addition and

17717717 2772772772
multiplication operations are as below:

X, + X :(al +a,,b, +b,,¢, +¢,;T, +T, _7-17-21/1/2rF1Fz)' (13)
X, XX, :(alaZ'ble'Clcz;TlTZ'll +1,=11,,F +F, _Fle) (14)

2.3 Kronecker Products and Vec-operator

Kronecker products and Vec-operator are widely used in solving matrix equations and in this
study, these operators are used to convert the neutrosophic fuzzy matrix equations to a simpler form
of neutrosophic fuzzy linear equations. Basically, the symbol of the Kronecker productis ®, and the

definition is given as follows.

Definition 10. [18] Let matrix A=[a,] is mxn and B=[},

;1 is pxq then the Kronecker product of
A®, Bis given by,

a,B .. a,B
A9 B Do (15)

'mxn k “pxq =

a

ml mn
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which is a mp x ng matrix.

2.4 Associated Linear System

Associated linear system (ALS) is developed to form a crisp form of the matrix equation. The
definition of ALS is given as follows.

Definition 11. [22] Let gz(mg’ag'ﬂg) and Ez(mé,aé,ﬂe) be positive, negative or near-zero fuzzy

matrices, and X= (mxa,axc,ﬂr)be the solution which is in a positive fuzzy matrix. If S is positive, then
the forms of ALS obtained in matrix form, such that,

mg 0 0 m~ mE
o (m-a) 0 a® =] af |. (16)
g0 (Mg ) | S

2.5 Score Function Method

The common approach used to transform neutrosophic fuzzy number into crisp numerical values
is the score function method. This method assigns a single representative value to each neutrosophic
number, enabling straightforward comparison and ranking among multiple alternatives. The direct
comparison between the components of neutrosophic fuzzy numbers, which are T, I and F, might be
complex so the score function simplifies this process by integrating these components into one
distinct and interpretable value [23].

Let M =(T,1,F) be the singled-valued neutrosophic numbers. Then, the singled-valued neutrosophic
score function is defined as,

S(M):T+(1—l;+(1—F):2+T3—I—F’ 17

where s: M —[0,1].
2.6 Relative Residual Error

Relative residual error is the most common metric used in numerical linear algebra, which
applicable to determine the accuracy of the solution for solving linear systems, Ax=5b [25]. By
comparing the magnitude of residual to the magnitude of the original vector b, the relative residual
error is calculated as

Jax-5]

(18)
o1

Relative residualerror =



Semarak Proceedings of Applied Sciences and Engineering Technology
Volume 3, Issue 1 (2026) 1-16

However, in this study of FFNSME the relative residual error measure how well the calculated
solution X satisfies the original Eq. [27].

Definition 12. [26] Given that X is approximate solution of FFNSME, then the absolute residual, RH
is given as follows,
|R|=[ 4% + %B-{]. (19)
then, the relative residual, e is equal to
,_H,

|l

A%+ %8¢ 20

|l

Here, ||F denotes the Frobenius norm, which used to calculate the distance of each element from

neutrosophic zero [26].

3. Methodology
The steps-by-steps algorithm is presented in this section.

Step 1: FFNSME is reduced to fully fuzzy neutrosophic linear system (FFNLS)

The FFNSME is reduced to FFNLS, DX= € by using the fuzzy neutrosophic Kronecker product and
neutrosophic fuzzy Vec-operator as defined in Theorem 1 below.

Theorem 1. Let A and X" be the square matrices with the same order, such that A= [5,7]
X =[x;],,,, and C=[c;]
systems

mxm?’

then FFNSME of Kﬁ+)~(é =E is equal to fully fuzzy neutrosophic linear

mxm mxm ?

PX=€

where B2 E2, ® Toun + Bown ®, T, S2Vec(XT,,, and C =Vec(C)

nxl mnx1°*

Previously, the multiplication operation of TriNFN is calculated based on the formula as in Eq.
(20). In this study, since the LR-TriNFN is used as the coefficient of FFNSME which in the form of

(m,0,B;T,1,F), then the multiplication operation of Eq. (7) is adapted into the existing operator of Eq.
(14). Therefore, the new multiplication operator is defined as follows.
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Definition 13. Let X, =(m,,a,,B,;T,,I,,F) and X, =(m,,a,,B,;T,,L,,F,) be the positive LR-TriNFN.
The multiplication arithmetic operator is defined as below.

X1XX2 = (mlmzrmlmz _Min[(ml _a1)(m2 _az)r(ml +ﬁ1)(m2 _ﬂz)]rMaX[(ml _al)(m1 +181)r(m1 + ﬂl)(mz _ﬂz)] -mm,;
Tl +h =1Lk, F +F, —FF).
(21)

Besides that, the additional operation of LR-TriNFN is executed according to the Eq. (13), such that
X, +X,=(m,+m,,a, +a,,8,+86,;,T,+T,-TT,,1,,FF,). (22)

Next, the unitary fuzzy matrix is extended to include truth, indeterminacy, and falsity components as
in the following theorem.

Theorem 2. Let T be the fuzzy neutrosophic identity matrix which can be described as below,

(1,0,0;1,0,0) (0,0,0;0,1,1) --- (0,0,0;0,1,1)

~ (Olololollll) (11010111010) (Olololollll)

U= : : . . (23)
(0,0,0;0,1,1) (0,0,0;0,1,1) --- (1,0,0;1,0,0)

6 satisfies the condition of

(i) AT=0R=X
@ 0 =0
Step 2: FFNLS is deneutrosophicated to crisp form

i.  Component of LR-TriFN of (m,a,ﬂ).
The conversion of the LR-TriFN is aimed to form an associated linear system as defined in
Definition 11. Next, the following sub-matrices of (mDo- aDo) and (mD°+ ﬂDo)are
defined. All the sub-matrices are in the form of crisp matrices. Subsequently, all sub-
matrices are substituted into a general form of an associated linear system as given in the
Eq. (16). Thereby a crisp form of linear system

DX, =C, (24)

is established, which can be equivalent to
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m® 0 0 m™ m©
(mﬁl—ocle 0 o™ |=| a® (25)

,6’51 0 (mP + ﬂﬁl) ﬂfq ,361

Component of neutrosophic numbers (T, I, F).
Meanwhile, the conversion of the neutrosophic component (7, I, F) is executed by
applying the score function method as stated in Eq. (17). Generally, the conversion of

(17,17 FD) to a crisp form is

T +(L1-1) +(2-A7)

[,
s(Ty, 1, Py ) = 3 D, . (26)
Hence, the following crisp of linear system is obtained,
Dll Dln Xll Cll Cln
: 3 I R (27)
Dml Dmn Xnn le Cmn
which can be represented as
D,X, =C,. (28)

Step 3: Obtaining solution X

Following Step 2, there are two resulting solutions, X, and X, . Then, both solutions are integrated

to form the final solution, X.

First, the solution X, is obtained by

m®™ 0 0 m“
ot =l ™ (m™-a™) 0 a“

ﬁf(l ,851 0 (ml51 n ﬂfh) ,861
Hence, the solution can be written as

% _((mf;,af;, M) e, )j

= X X X X X X
(rnZl1 '61211 ’ 211 ) (rnZZ1 'CZZZ1 ’ 221 )

Meanwhile, the solution X, will be in the form of crisp matrix which obtain as follows,

(29)

(30)
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= : (31)

Hence, the conversion of crisp matrix of X, to neutrosophic matrix is required. However, to the best
of our knowledge, there is currently no literature that provides a formal approach for converting a
crisp number into a neutrosophic representation. Therefore, for the sake of simplicity and illustrative
purposes, this study considers the obtained value of X2 as the truth-membership value (T) while the
indeterminacy (/) and falsity (F) components are assigned based on reasonable assumptions or
approximations. It is noted that, the assumption and approximations value must ensure that the basic
fundamental of neutrosophic number is imposed, which allows numbers within [0,1], with
0+ <T+/+F <3+ asstated earlier in the Equation (9).

Therefore, the solution )~(2 after represented in a neutrosophic form, can be generally written

as,
(Te 1% By .. (1,15 FR)

)?2: 1 I (32)
(T5 1% F) ... (TX;,/;;,FXZ)

4. Results

4.1 Numerical Example

Example 1: Consider the FFNSME, ,Z\)~(+)~(§:5, where

(7,2,1;0.8,0.2,0.4) (8,6,9;0.6,0.4,0.3) )’ (8,6,5;0.4,0.1,0.3) (5,1,2;0.5,0.3,0.2)
i (134,82,286;0.7,0.13,0.2)  (221,157,443;0.83,0.13,0.22)
" (123,65,322;0.87,0.14,0.08) (191,109,453;0.89,0.18,0.09)

3 ((11,4,3;0.3,0.5,0.1) (5,1,3;0.9,0.7,0.2)} é_[(8,3,1;0.2,0.3,0.1) (8,2,4;0.1,0.2,0.2))

and the fully fuzzy neutrosophic solution, X is

)? ((mll’all'ﬁll' 117 11' ) (mlz'aﬂ’ﬂlZ' 127 12’ )J

(m21'a21'ﬂ21' 217 21' ) (m22'a22'ﬂ22' 227 22' )

Step 1. Reduce the FFNSME of AX + XB=C into FFNLS, DX%=C. First, G50 ®, A2..

10
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(11,4,3;0.3,0.5,0.1) (5,1,3;0.9,0.7,0.2) (0,0,0;0,1,1) (0,0,0;0,1,1)

(G(m)®k K‘(’zxz))= (7,2,1;0.8,0.2,0.4) (8,6,9;0.6,0.4,0.3) (0,0,0;0,1,1) (0,0,0;0,1,1)
(0,0,0;0,1,1) (0,0,0;0,1,1)  (11,4,3;0.3,0.5,0.1) (5,1,3;0.9,0.7,0.2)
(0,0,0;0,1,1) (0,0,0;0,1,1) (7,2,1;0.8,0.2,0.4) (8,6,9;0.6,0.4,0.3)

Similarly, for B 2. ®, 05,

(8,3,1,0.2,0.3,0.1) (0,0,0;0,1,1) (8,6,5;0.4,0.1,0.3) (0,0,0;0,1,1)
(0,0,0;0,1,1) (8,3,1;0.2,0.3,0.1) (0,0,0;0,1,1) (8,6,5;0.4,0.1,0.3)

(8,2,4;0.1,0.2,0.2) (0,0,0;0,1,1) (11,4,3;0.3,0.5,0.1) (0,0,0;0,1,1)
(0,0,0;0,1,1) (8,2,4;0.1,0.2,0.2) (0,0,0;0,1,1) (8,6,9;0.6,0.4,0.3)

~T
(B (2x2) ®k @?zxz) ) =

Next, execute &5., ®, A3 @érm ®, 65., to obtain D*and FFNLS, DX ::E is formed as follows,

(19,7,4;0.44,0.15,0.01)  (5,1,3;0.9,0.7,0.2) (8,6,5;0.4,0.1,0.3) (0,0,0;0,1,1) %,
(7,2,1;0.8,0.2,0.4)  (16,9,10;0.68,0.12,0.03) (0,0,0;0,1,1) (8,6,50.4,0.1,0.3) | %,
(8,2,4;0.1,0.2,0.2) (0,0,0;0,1,1) (16,5,5,0.65,0.15,0.02)  (5,1,3;0.9,0.7,0.2) || X,

(0,0,0;0,1,1) (8,2,4;0.1,0.2,0.2) (7,2,1;0.8,0.2,0.4)  (13,7,11;0.8,0.12,0.06) )| %,

(134,82,286;0.7,0.13,0.2)
(221,157,443;0.87,0.14,0.08)
- (123,65,322;0.83,0.13,0.22)
(191,109,453;0.89,0.18,0.09)

Step 2. The deneutrosophication of the FFNLS, PXR=Cis applied by decomposing the FFNLS into crisp
subsystems corresponding to LR-TriFN (m,«, ). The extracted crisp coefficient matrices are as

follows,
19 5 8 0 7 1 6 0 4 3 5 0
7 16 0 8 2 9 0 6 1 10 0 5
mD°: , aD": , IBDo:
8 0 16 5 2 0 5 1 4 0 5 3
0O 6 7 13 0o 2 2 7 0 4 1 11
134 82 286
mE: 221 aéz 157 ,362 443
123 | 65 | 322
191 109 453

From there, the crisp form of matrix of D,X; =C, which based on associated linear system form of
Eqg. (29) is obtained.

11
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On the other hand, the conversion of the neutrosophic number in the DX =C, is implemented using
the score function formula of Eq. (17). Here, the neutrosophic number of

(Tll,lll,Fll):(0.51,0.25,0.01) is illustrated.

T,+@Q+1,)+(1-F,)
5(711’,11",_—1 ): 11 1; 11

_ 0.44+(1-0.15)+(1-0.091)
3

=0.76

The same process is executed for all the elements of the matrix D and X . Hence, the crisp linear
system in the form of D,X, = C, is obtained as follows,

0.76 067 067 0 )(x,) (0.79
073 084 0 067|x,| |088
057 0 083 067 x,| |0.83 (33)
0 057 073 087)\x,) (087

Step 3. According to the crisp form of D, X, =C, the solution of X, is determined by taking the inverse

coefficient of D,, which can be expressed in the following term,

>

(34)

((m a0z, ) (m3 a7, By
1 X X X X X X
(mn1 101 211) (mzz1 o 221)

(3,1,2) (4,2,9
(9,3,8) (7,1,7)

Furthermore, the solution of X, in Eq. (33) is expressed into the neutrosophic form (T, I, F) by directly

assigning the value obtained as the component T. While for the other component, / and F the values
are determined by assuming or approximating, which ensures that the resulting satisfy the
fundamental condition of neutrosophic.

(35)

2

P (L W e
T2 02, Be) (T2, 12 ,F

21277217721

(0.38,0.67,0.58) (0.37,0.72,0.54)
(0.3,0.66,0.59)  (0.44,0.72,0.4)

22 77227
Finally, both fuzzy and neutrosophic elements from Eq. (34) and (35), respectively, are gathered into

a single matrix to form a triangular neutrosophic fuzzy solution, X as the following,

3,1,2;0.38,0.67,0.58) (4,2,9;0.37,0.72,0.54
xo_(( ) )J 6)

1 (9,3,8;0.3,0.66,0.59)  (7,1,7;0.44,0.72,0.4)

12
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4.1 Verification of the Solution

The verification of the obtained solution X is based on the numerical results presented in the
previous section. The accuracy of the results is validated by substituting the computed solution back
into the FFNSME of the Example 1, as follows.

| (7,2,1,0.8,0.2,0.4) (8,6,9:0.6,0.4,0.3) )| (9,3,8;0.3,0.66,0.59) (7,1,7;0.44,0.72,0.4)
(78,40,128;0.438,0.709,0.588) (79,41,,215;0.497,0.688,0.361)J

v [(11,4,3;0.3,0.5,0.1) (5,1,3;0.9,0.7,0.2)}[(3,1,2;0.38,0.67,0.58) (4,2,9;0.37,0.72,0.54)}

(93,71,236;0.424,0.517,0.655)  (84,62,258;0.529,0.484,0.489)
(3,1,2;0.38,0.67,0.58) (4,2,9;0.37,0.72,0.54)( (8,3,1;0.2,0.3,0.1) (8,2,4;0.1,0.2,0.2)
(9,3,8;0.3,0.66,0.59)  (7,1,7;0.44,0.72,0.4) ]((8,6,5;0.4,0.1,0.3) (5,1,2,-0.5,0.3,0.2)}
(56,42,158;0.417,0.444,0.532)  (44,24,107;0.438,0.585,0.509)
(128,86,207;0.483,0.292,0.503) (107,47,195;0.497,0.457,0.490)J

ool
Il

Then, AX +XB=C* is equal to,

& (134,82,286;0.67,0.31,0.3)  (123,65,322;0.71,0.4,0.18)
- (221,157,443;0.7,0.15,0.33) (191,109,453;0.76,0.22,0.23)

According to the above, the result of C* yields a matrix that is approximately equal to the
original matrix C, as shown in the Example 1. To quantify the precision of the solution, the relative
residual error as mentioned in Definition 12 is applied. In this study, the relative residual error is
calculated as follows,

|€=-¢],

Relative residual error, e =H~— .
c|
F

First, the crisp form of C*and C are obtained as follows,
- 0.69 0.71
C*=
0.74 0.77
e 0.79 0.88
~(0.83 0.87

Based on the calculation, norm which is the single value of the matrix in Eq. (37) is calculated.

(37)
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[c*-¢|. = \/(0.13)2 +(0.19)° +(0.11)" +(0.11)°
=0.278

o =\/(o.79)2 +(0.88)° +(0.83)" +(0.87)°
=1.687
then,

0.278
e =

1.687
-0.16

Although the tolerance value of e=0.16 appears relatively high, it should be considered due to

the preliminary approximations made for the component / and F as shown in the Eq. (35). Currently,
no formal literature provides a standard for converting crisp results back into neutrosophic form,
requiring assumptions that naturally influence the final residual. Furthermore, these deviations are
attributed to the algebraic complexities of neutrosophic multiplication and inherent floating-point
round-off errors. Despite this, the proposed algorithm is still can be acceptable and applicable,
offering a flexible representation of uncertainty that extends the capabilities of classical or fuzzy
Sylvester approaches.

5. Conclusion

In conclusion, this study has developed a framework to solve FFNSME, which generalizes the
classical Sylvester formulation to incorporate truth, indeterminacy and falsity components. By
applying neutrosophic representations with correspondent solution methods, the new method is
capable to accommodate uncertainties as well as capturing inconsistencies that cannot be presented
using conventional or fuzzy models. The accuracy of the solution was verified through relative
residual error analysis. While an error of 0.16 was noted, it is considered acceptable and primarily
attributed to floating-point arithmetic round-off and the complexities of neutrosophic multiplication.
Ultimately, the neutrosophic Sylvester formulation provides a comprehensive and flexible tools for
analysing the dynamic systems that deal with uncertainties. Future research should explore
trapezoidal and pentagonal neutrosophic numbers and extend the framework to large-scale systems,
focusing on the development of efficient numerical algorithms and the integration of optimization-
based or iterative methods to enhance computational performance. Furthermore, to improve the
current error margin of 0.16, subsequent studies will focus on developing a formal procedure for
converting crisp values into neutrosophic representations and implementing high-precision iterative
algorithms. These advancements are expected to enhance computational performance and
reliability, particularly when scaling the framework to accommodate large-scale, high-dimensional,
and time-varying dynamic systems.
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