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ABSTRACT 

The classical Sylvester matrix equations play a fundamental role in system analysis, model transformation and controller design. 
However, there are limits in handling uncertainty information as all parameters of the system are assumed to be precisely known. 
Uncertainty can occur in many real world applications so the classical mathematical models are insufficient to represent the system 
behaviour accurately. Even fuzzy Sylvester equations are unable to capture indeterminacy or contradiction within the data. 
Therefore, the study of solution framework for Fully Fuzzy Neutrosophic Sylvester Matrix Equation (FFNSME) that incorporates 
truth, indeterminacy and falsity components is introduced to overcome these limitations. Left– right triangular neutrosophic fuzzy 
numbers are used to represent uncertain parameters within the matrices. The Associated Linear Systems approach and the score 
function method are applied for deneutrosophication to enable computational processing while preserving embedded uncertainty. 
The findings demonstrate that the FFNSME framework provides a flexible representation of uncertainties compared to classical or 
fuzzy Sylvester equations. This enhances the reliability of system modeling, controller synthesis and matrix equation solutions when 
working with vague, contradictory or incomplete information. The formulation is applicable to a wide range of linear and nonlinear 
control problems. Future research may explore optimized numerical algorithms and extensions to large-scale, highdimensional and 
time-varying systems to further improve computational efficiency. 

 
Keywords: Homotopy Analysis Metod; tangent vector; solution path; nonlinearity; differential equation; Euler; Newton; predictor 
corrector; global quadratic convergence 

 
1. Introduction 
 

An expression of the mathematical relationships between variables and constants in matrix form 
is called matrix equation. These equations are extensively applied in various fields for modelling and 
solving problems, such as in physics, engineering, computer science and control systems. The solution 
of matrix equations commonly involves the matrix addition, multiplication and inversion [1]. 
Morever, an efficient and structured framework is offered through matrix equations for representing 
and computing systems of linear equations, linear transformations and other operations involving 
numerical arrays [2].  

Matrix equations, typically the Sylvester matrix equation, are widely used in mathematical 
modelling which are appearing in both linear and nonlinear forms [3]. The Sylvester equation plays a 
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fundamental role in the stability analysis of control systems, particularly in assessing the stability of 
linear time- invariant (LTI) systems. The solutions can be obtained using direct or iterative numerical 
methods.  The Bartels-Stewart algorithm as one of the examples of direct methods computes exact 
solutions by transforming the system into a simpler equivalent form [4], whereas iterative method 
such as Krylov subspace approaches are more efficient for large-scale problems due to their lower 
computational complexity [5]. 

The applicability of classical methods becomes limited as many real-world applications involve 
uncertainty and incomplete information. To address this issue, Zadel et al., [6] introduced fuzzy sets 
which allow partial membership values in the interval [0, 1] and provide a framework for modelling 
imprecise data. Several extensions, including interval-valued fuzzy sets (IVFS) [7], cubic sets [8], soft 
sets [9] and cubic sets [10], were developed to enhance uncertainty representation. However, fuzzy 
models still not sufficient to handle indeterminate information. To overcome the limitation, 
Smarandache et al., [11] proposed neutrosophic sets, characterized by three membership functions 
which are truth (T), indeterminacy (I) and falsity (F). Overall, this framework provides greater 
flexibility in modelling complex uncertainty and has been applied in diverse fields such as decision-
making [17], image processing [28] and pattern recognition [29]. A comparative study conducted by 
Asmizal et al., [9] indicates that neutrosophic numbers provide a more effective environment for 
solving uncertain matrix equations than classical fuzzy models. 

Hence, this study is aimed to extend the existing fuzzy Sylvester framework by formulating an 
improved solution method for the Fully Fuzzy Neutrosophic Sylvester Matrix Equation (FFNSME) of 

 
            (1) 

 
where the coefficients  and the solution   are in the form of left right-triangular neutrosophic 
fuzzy numbers (LR-TriNFN) of .  

The significance of this research lies in its ability to bridge the gap between theoretical matrix 
algebra and real-world uncertainty. By extending the Fully Fuzzy Sylvester Matrix Equation into 
neutrosophic environments, this study provides a better mathematical framework that considers the 
truth, falsity, and indeterminacy. Furthermore, the improved solution method developed a practical 
computational technique that handle uncertain data without losing the important characteristics. 
Consequently, this study offers a vital tool for researchers in control theory and system modeling, 
allowing more reliable simulations in fields where data is often incomplete or contradictory. 

The remaining part of this paper is structured as follows. Section 2 presents some preliminaries 
that discuss the foundational concepts of fuzzy numbers and neutrosophic numbers with their 
mathematical properties. Section 3 presents the methodology with the theoretical formulation of 
the FFNSME, meanwhile section 4 provides an illustrative example. Lastly, section 5 concludes the 
study with recommendations for future research. 
 
2. Preliminaries  
 

This section will recall some fundamental concepts including definitions and theorems related to 
this study. 

 
2.1 Theory of Fuzzy Numbers 
 

The definitions of fuzzy numbers are given as follows. 
 

AX XB C+ = !! ! ! !

∞! !, ,A B C X!
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Definition 1. [5] Let  be a nonempty set, the fuzzy set  in  is characterized by its membership 
function, 
  

            (2) 
 
and represents the degree of membership of the element  in fuzzy numbers  for each  
 
Definition 2. [5] The fuzzy set is represented by a set of ordered pairs of elements  and   which 
can be written as  
 

.           (3) 
  

Definition 3. [5] A fuzzy set  in  has the following properties as described below,  
1)  is upper semicontinuous. 

2)  is outside of some interval . 
3) There are real numbers of a and b, such that and 

(a) is monotonic increasing on , 

(b) is monotonic decreasing on , 

(c)  for . 
 
Various types of fuzzy numbers have been extensively discussed in the literature, with triangular 

fuzzy numbers (TriFNs) being among the most commonly used. One particular form of TriFN is the 
LR-triangular fuzzy number (LR-TriFN). For more detail, the definition of LR-TriFN is provided below. 

 
Definition 4. [12] The LR-TriFN  has membership function as follows, 
 

         (4) 

where  is the mean value while  and  are the spreads on the left and right sides, respectively. 
 

 
Definition 5. [30] A min-max function is a collection of equations such that at least one of the 
equations has a min or max equation. Consider the positive two fuzzy numbers of  and 

, if  is positive, then the following inequalities are satisfied: 
 

         (5) 

         (6) 
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Definition 6. [13] The product of two positive fuzzy numbers  and  is defined 
as   
 

           (7) 
 
where  
 

  

  
 

 Nevertheless, this method remains limited in handling incomplete or inconsistent data effectively. 
Hence, neutrosophic fuzzy numbers (NFN) were developed as an extension of both fuzzy numbers. 
The next subsection will explain more detail about the theory of neutrosophic numbers. 
 
2.2 Theory of Neutrosophic Numbers 
 

Neutrosophic fuzzy numbers (NFN) offered a more flexible framework than traditional fuzzy and 
intuitionistic fuzzy numbers as not only the incomplete and uncertain information can be managed 
but also the indeterminate data. This makes the neutrosophic numbers more effective for handling 
complex real-world problems. The definitions of neutrosophic numbers are as follows: 
 
Definition 7. [14] Let  be a universal set and let . The neutrosophic set  in is characterized 
by a truth (T), indeterminacy (I) and falsity (F) membership functions, then neutrosophic numbers is 
given as, 
 

                       (8)
         
There is a restriction on the sum of T, I and F which must be satisfied, which is 
 

.           (9) 
 

In terms of philosophy, the neutrosophic set is derived from actual standard or non-standard 
subsets of	 . However, for technical applications the interval  is more appropriate to be 
used [15]. Same goes to fuzzy numbers, neutrosophic fuzzy numbers also classify into triangular 
neutrosophic fuzzy numbers (TriNFN). For instance, a TriNFN is defined by three parameters 
representing the lower, middle, and upper values, each associated with truth membership, 
indeterminacy membership and falsity membership degrees. This classification helps in modeling 
uncertainty more effectively by capturing the nuances of indeterminate and inconsistent information 
within a triangular framework. The detailed definition and operations of TriNFN are described as 
follows. 
 
Definition 8. [16] Let  is single-valued TriNFN, consist of truth, indeterminacy and 
falsity membership function which defined as, 
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                       (10)

         
 

                                                                                                                                  (11) 

 

                                 (12) 

 
Definition 9. [17] Let and  be TriNFN. The addition and 
multiplication operations are as below: 
 

,                                                                                       (13) 
 

                                                                                         (14) 
 
2.3 Kronecker Products and Vec-operator 

 
Kronecker products and Vec-operator are widely used in solving matrix equations and in this 

study, these operators are used to convert the neutrosophic fuzzy matrix equations to a simpler form 
of neutrosophic fuzzy linear equations. Basically, the symbol of the Kronecker product is and the 
definition is given as follows. 
 
Definition 10. [18] Let matrix  is  and  is  then the Kronecker product of 

is given by, 
 

                                                                                                                                 (15) 
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which is a matrix. 
 
2.4 Associated Linear System 
 

Associated linear system (ALS) is developed to form a crisp form of the matrix equation. The 
definition of ALS is given as follows. 
 
Definition 11. [22] Let  and  be positive, negative or near-zero fuzzy 

matrices, and be the solution which is in a positive fuzzy matrix. If  is positive, then 
the forms of ALS obtained in matrix form, such that, 
 

.                     (16) 

 
2.5 Score Function Method 
 

The common approach used to transform neutrosophic fuzzy number into crisp numerical values 
is the score function method. This method assigns a single representative value to each neutrosophic 
number, enabling straightforward comparison and ranking among multiple alternatives. The direct 
comparison between the components of neutrosophic fuzzy numbers, which are T, I and F, might be 
complex so the score function simplifies this process by integrating these components into one 
distinct and interpretable value [23]. 

 
Let  be the singled-valued neutrosophic numbers. Then, the singled-valued neutrosophic 
score function is defined as,  
 

,                     (17) 

 
where . 
 
2.6 Relative Residual Error 
 

Relative residual error is the most common metric used in numerical linear algebra, which 
applicable to determine the accuracy of the solution for solving linear systems,  [25]. By 
comparing the magnitude of residual to the magnitude of the original vector b, the relative residual 
error is calculated as 

 

.                     (18) 
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However, in this study of FFNSME the relative residual error measure how well the calculated 
solution  satisfies the original Eq. [27]. 

 
Definition 12. [26] Given that  is approximate solution of FFNSME, then the absolute residual,  
is given as follows, 
 

,                       (19) 

  
then, the relative residual,  is equal to 
 

                       (20) 

 
Here,  denotes the Frobenius norm, which used to calculate the distance of each element from 
neutrosophic zero [26]. 
                           
3. Methodology 
 

The steps-by-steps algorithm is presented in this section. 
 
Step 1: FFNSME is reduced to fully fuzzy neutrosophic linear system (FFNLS) 
 
The FFNSME is reduced to FFNLS,  by using the fuzzy neutrosophic Kronecker product and 
neutrosophic fuzzy Vec-operator as defined in Theorem 1 below. 
 

Theorem 1. Let  and  be the square matrices with the same order, such that ,

 and  , then FFNSME of 	is equal to fully fuzzy neutrosophic  linear 
systems  
 

 
 

where ,  and  
 

Previously, the multiplication operation of TriNFN is calculated based on the formula as in Eq. 
(10). In this study, since the LR-TriNFN is used as the coefficient of FFNSME which in the form of 

, then the multiplication operation of Eq. (7) is adapted into the existing operator of Eq. 
(14). Therefore, the new multiplication operator is defined as follows. 
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Definition 13. Let  and  be the positive LR-TriNFN. 
The multiplication arithmetic operator is defined as below. 
 

             (21) 
 
Besides that, the additional operation of LR-TriNFN is executed according to the Eq. (13), such that 
 

.                  (22) 
 
Next, the unitary fuzzy matrix is extended to include truth, indeterminacy, and falsity components as 
in the following theorem. 
 
Theorem 2. Let  be the fuzzy neutrosophic identity matrix which can be described as below, 
 

                    (23) 

 
 satisfies the condition of 

(i)  

(ii)  
 
Step 2: FFNLS is deneutrosophicated to crisp form 
 

i. Component of LR-TriFN of . 
The conversion of the LR-TriFN is aimed to form an associated linear system as defined in 
Definition 11. Next, the following sub-matrices of  and are 
defined. All the sub-matrices are in the form of crisp matrices. Subsequently, all sub-
matrices are substituted into a general form of an associated linear system as given in the 
Eq. (16). Thereby a crisp form of linear system 
 

                             (24) 
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                    (25) 

 
 

ii. Component of neutrosophic numbers (T, I, F). 
Meanwhile, the conversion of the neutrosophic component (T, I, F) is executed by 
applying the score function method as stated in Eq. (17). Generally, the conversion of 

 to a crisp form is 
 

.                              (26) 

 
Hence, the following crisp of linear system is obtained, 

 

                    (27) 

 
which can be represented as 
 

.                       (28) 
 
Step 3: Obtaining solution  
 
Following Step 2, there are two resulting solutions,  and  . Then, both solutions are integrated 
to form the final solution, .  
 
First, the solution is obtained by 
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                        (31) 

 
Hence, the conversion of crisp matrix of  to neutrosophic matrix is required. However, to the best 
of our knowledge, there is currently no literature that provides a formal approach for converting a 
crisp number into a neutrosophic representation. Therefore, for the sake of simplicity and illustrative 
purposes, this study considers the obtained value of  as the truth-membership value (T) while the 
indeterminacy (I)  and falsity (F)  components are assigned based on reasonable assumptions or 
approximations. It is noted that, the assumption and approximations value must ensure that the basic 
fundamental of neutrosophic number is imposed, which allows numbers within , with 

 as stated earlier in the Equation (9). 
Therefore, the solution after represented in a neutrosophic form, can be generally written 

as, 
 

.                    (32) 

 
4. Results 
4.1 Numerical Example 
 

Example 1: Consider the FFNSME, , where  
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and the fully fuzzy neutrosophic solution,  is 

 

  

 

Step 1. Reduce the FFNSME of  into FFNLS, . First, . 
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Similarly, for ,  
 

 

Next, execute  to obtain  and FFNLS,  is formed as follows, 
 

 

 
Step 2. The deneutrosophication of the FFNLS, is applied by decomposing the FFNLS into crisp 
subsystems corresponding to LR-TriFN . The extracted crisp coefficient matrices are as 
follows, 
 

 

 

. 

 
From there, the crisp form of matrix of  which based on associated linear system form of 
Eq. (29) is obtained. 
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On the other hand, the conversion of the neutrosophic number in the , is implemented using 
the score function formula of Eq. (17). Here, the neutrosophic number of 

 is illustrated.  
 

 

 
The same process is executed for all the elements of the matrix  and . Hence, the crisp linear 
system in the form of  is obtained as follows, 
 

                   (33) 

 
Step 3. According to the crisp form of  the solution of  is determined by taking the inverse 

coefficient of ,	which can be expressed in the following term, 
 

                  (34) 

	 
Furthermore, the solution of in Eq. (33) is expressed into the neutrosophic form (T, I, F) by directly 
assigning the value obtained as the component T. While for the other component, I and F the values 
are determined by assuming or approximating, which ensures that the resulting satisfy the 
fundamental condition of neutrosophic.  
 

                (35) 

 
Finally, both fuzzy and neutrosophic elements from Eq. (34) and (35), respectively, are gathered into 
a single matrix to form a triangular neutrosophic fuzzy solution,  as the following, 
 

                     (36) 
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4.1 Verification of the Solution 
 

The verification of the obtained solution  is based on the numerical results presented in the 
previous section. The accuracy of the results is validated by substituting the computed solution back 
into the FFNSME of the Example 1, as follows. 

 

 

 
Then,  is equal to, 
 

 

 
According to the above, the result of  yields a matrix that is approximately equal to the 

original matrix , as shown in the Example 1. To quantify the precision of the solution, the relative 
residual error as mentioned in Definition 12 is applied. In this study, the relative residual error is 
calculated as follows,  
 

 . 

 
First, the crisp form of and   are obtained as follows, 
 

                                       (37) 

 
Based on the calculation, norm which is the single value of the matrix in Eq. (37) is calculated. 
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then, 
 

  

 
Although the tolerance value of  appears relatively high, it should be considered due to 

the preliminary approximations made for the component I and F as shown in the Eq. (35). Currently, 
no formal literature provides a standard for converting crisp results back into neutrosophic form, 
requiring assumptions that naturally influence the final residual. Furthermore, these deviations are 
attributed to the algebraic complexities of neutrosophic multiplication and inherent floating-point 
round-off errors. Despite this, the proposed algorithm is still can be acceptable and applicable, 
offering a flexible representation of uncertainty that extends the capabilities of classical or fuzzy 
Sylvester approaches. 
 
5. Conclusion 

 
In conclusion, this study has developed a framework to solve FFNSME, which generalizes the 

classical Sylvester formulation to incorporate truth, indeterminacy and falsity components. By 
applying neutrosophic representations with correspondent solution methods, the new method is 
capable to accommodate uncertainties as well as capturing inconsistencies that cannot be presented 
using conventional or fuzzy models. The accuracy of the solution was verified through relative 
residual error analysis. While an error of 0.16 was noted, it is considered acceptable and primarily 
attributed to floating-point arithmetic round-off and the complexities of neutrosophic multiplication. 
Ultimately, the neutrosophic Sylvester formulation provides a comprehensive and flexible tools for 
analysing the dynamic systems that deal with uncertainties. Future research should explore 
trapezoidal and pentagonal neutrosophic numbers and extend the framework to large-scale systems, 
focusing on the development of efficient numerical algorithms and the integration of optimization-
based or iterative methods to enhance computational performance. Furthermore, to improve the 
current error margin of 0.16, subsequent studies will focus on developing a formal procedure for 
converting crisp values into neutrosophic representations and implementing high-precision iterative 
algorithms. These advancements are expected to enhance computational performance and 
reliability, particularly when scaling the framework to accommodate large-scale, high-dimensional, 
and time-varying dynamic systems. 
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