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This study introduces a mathematical model that addresses the mixed convection 
stagnation point flow of a non-Newtonian Reiner-Philippoff hybrid nanofluid over a 
shrinking sheet. Through the application of theoretical assumptions, the governing 
equations were formulated and subsequently simplified into a set of ordinary 
differential equations (ODEs). The model facilitates the computation of steady flow 
solutions utilizing the MATLAB software function bvp4c. The primary objectives of this 
research include an analysis of the effects of various parameters on flow dynamics and 
thermal behaviour. These parameters encompass the mixed convection parameter, 
the solid volume fraction of nanoparticles, and the mass flux parameter, all of which 
significantly influence flow characteristics. Numerical results have been obtained for 
critical metrics, including the skin friction coefficient, local Nusselt number, and the 
velocity and temperature profiles. The findings contribute to a deeper understanding 
of hybrid nanofluid behaviour in thermal management applications, offering valuable 
insights for future research endeavours in the domains of fluid dynamics and heat 
transfer. 
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1. Introduction 
 

In today's landscape, the relevance and effectiveness of non-Newtonian fluids have become 
increasingly significant, even though many applications still rely on Newtonian fluids, such as pure 
water, for cooling purposes. Advanced technologies and industrial processes require practical 
working fluids that can efficiently manage operations while ensuring high-quality end products.  
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Numerous non-Newtonian fluids exist, each with distinct properties, and they are primarily 
classified based on their shear-thinning (pseudoplastic) or shear-thickening (dilatant) characteristics. 
Shear-thinning fluids behave similarly to Newtonian fluids at high shear rates, whereas shear-
thickening fluids exhibit viscosity that rises with increasing shear rate. As noted by Deshpande et al., 
[1], fluid models that demonstrate both shear-thickening and shear-thinning behaviours include the 
Reiner-Philippoff (R-P) model, Sisko model, Powell-Eyring model, Carreau-Yasuda model, and Carreau 
viscosity model. 

The Reiner-Philippoff (R-P) model demonstrates non-Newtonian behavior at specific shear stress 
levels, reverting to its original characteristics when subjected to low or high shear stress. This 
property renders the R-P model highly significant in engineering applications and has garnered 
extensive attention from various scholars [2-10]. Additionally, the R-P model plays a vital role in 
industrial settings by accurately representing natural fluids. Under particular conditions, it can exhibit 
three types of fluid behavior: dilatant, pseudoplastic, and Newtonian. Understanding these behaviors 
is crucial for manufacturing processes, as the characteristics of the fluid in use may shift during 
certain procedures. Consequently, numerous studies have investigated how fluid flow interacts with 
different geometries and the impact of the interactions on the flow field, as can be seen in the 
previous study [11-18]. 

Modern hybrid nanofluids are increasingly utilized across various technologies to enhance 
thermal performance. Groundbreaking research conducted by Turcu et al., [19] and subsequently by 
Jana et al., [20] has demonstrated that the combination of different types of nanoparticles in a hybrid 
nanofluid yields synergistic effects, resulting in a significant increase in heat transfer rates and 
optimal performance. As a result, the integration of these nanofluids in industrial applications can 
provide substantial benefits in achieving superior thermal efficiency. 

Heat transfer between different mediums occurs through moving fluids, a phenomenon known 
as convection. Mixed convection arises when the processes of free and forced convection are 
combined. The examination of mixed convection flow captures the attention of researchers due to 
its critical relevance in various industrial applications, such as electronic devices, heat exchangers, 
nuclear reactors, and solar collectors. A pivotal study conducted by Subhashini et al., [21] 
investigated the mixed convection of nanofluid flow near the stagnation point over an exponentially 
stretching and shrinking sheet. The researchers considered three types of nanoparticles: copper (Cu), 
alumina oxide (Al2O3), and titanium oxide (TiO2), using water as the base fluid. In a similar vein, 
Ghalambaz et al., [22] examined the mixed convection at the stagnation point of hybrid Al2O3-
Cu/water nanofluid over a vertical plate, including a stability analysis. Subsequently, Jamaludin et al., 
[23] expanded upon the work of Subhashini et al., [21] by exploring the effects of suction, thermal 
radiation, and heat sources/sinks in the context of a vertical stretching/shrinking sheet. More 
recently, Khashiie et al., [24], Zainal et al., [25], and Bakar et al., [26] have similarly investigated the 
problem of mixed convection in stagnation-point boundary layer flow within hybrid nanofluids, each 
under varying physical conditions. 

This research draws inspiration from existing literature and introduces a novel examination of the 
Reiner-Philippoff (R-P) hybrid nanofluid within the mixed convection stagnation point flow 
framework. This approach is based on a prior study that utilized the distinct R-P fluid model. The 
current study focuses on the flow over a shrinking sheet, aiming to optimise and enhance heat 
transfer for practical fluid applications. To support these goals, we developed a model that 
incorporates graphene oxide (GO) and molybdenum disulfide (MoS2) nanoparticles suspended in 
water (H2O) to enhance thermal conductivity. The governing equations of the model are converted 
into ordinary differential equations (ODEs) and solved using the bvp4c function. The computational 
results are presented graphically, accompanied by a detailed analysis of how various parameters 
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impact the outcomes. Notably, our model demonstrates characteristics akin to Newtonian fluids 
under specific conditions, which adds to its credibility. Furthermore, the study explores the effects of 
mixed convection, providing a more nuanced understanding of the dynamics related to advanced 
applications. This model effectively addresses the complexities of fluids pertinent to real-world 
scenarios, making it a valuable resource for engineers and researchers alike. In conclusion, this 
research enhances the understanding of phenomena in advanced applications and underscores the 
model's relevance in optimizing and improving heat transfer in complex fluids, thereby highlighting 
its significance for professionals in the field. 
 
2. Methodology  

 
This study considers the two-dimensional steady mixed convection of R-P hybrid nanofluid flow 

near the stagnation point over a vertical shrinking sheet with the velocity 𝑢!(𝑥) = 𝑏𝑥"/$and the free 
stream velocity 𝑢%(𝑥) = 𝑎𝑥"/$, as illustrated in Figure 1. Here, 𝑣!(𝑥) is the mass flux velocity 
representing the surface permeability and the surface temperature,  𝑇! = 𝑇& + 𝑇'𝑥("/$. Besides the 
ambient temperature and the reference temperature,  𝑇& and 𝑇' , respectively, are assumed to be 
constant. Hence, the governing equations are as follows [5,10,23]: 
 

 
Fig. 1. The physical flow configuration model 
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          (3) 
 

            (4) 
  
subject to: 
 

        
   (5) 
 
where, 𝜇& is limiting dynamic viscosity, 𝜇)*+ is dynamic viscosity, 𝜌)*+ , (𝜌𝛽))*+, .𝜌𝐶,0)*+, and 

𝑘)*+, are fluid density, thermal expansion, heat capacity, and thermal conductivity, respectively. 
Meanwhile, T, g*,  𝜏, and  𝜏- are referring to temperature, acceleration due to gravity, shear stress 
of R-P fluid, and reference shear stress, respectively. In addition, (𝑢, 𝑣) are the components of 
velocity in the (𝑥, 𝑦) directions. Meanwhile, the subscripts hnf and f represent the hybrid nanofluid 
and fluid.  Employing similarity transformation as [27]: 
 

         (6) 

 
The term 𝜓 is the stream function and defined by 𝑢 = 𝜕𝜓/𝜕𝑦 and 𝑣 = −𝜕𝜓/𝜕𝑥. Then: 

 

                 (7) 

 
At 𝜂 = 0, 

 

              (8) 
 

Values S = 0 indicates an impermeable surface, S < 0 indicates injection, and S > 0 indicates 
suction. Meanwhile, 𝜐+ = 𝜇&/𝜌+ is the fluid kinematic viscosity. 

Employing Eq. (6) and (7) obtained; 
 

            (9) 

( )
( )hnf *e

e
hnf hnf

duu u 1u v u g T T
x y dx y

rbt
r r ¥

¶ ¶ ¶
+ = + + -

¶ ¶ ¶

( )
2

2
hnf

p hnf

kT T Tu v
x y yCr
¶ ¶ ¶

+ =
¶ ¶ ¶

( ), ( ), 0
( ),

w w w

e

u u x v v x T T y
u u x T T y¥

= = = =

® ® ®¥

    at  
    as  

( ) ( )2/3 3
1/3( ), , ,f f f

w f

T T y aa x f a g
T T x

y n h t r n h q h h
n

¥

¥

-
= = = =

-

( ) ( ) ( )1/3 1/3 2 1,
3 3fu ax f v a x f fh n h h h- æ ö¢ ¢= = - -ç ÷

è ø

( ) 1/32
3w fv x a x S-= - n

2 2

2 2

hnf

f

g
g f

g

µ
lg

µ

g

æ öæ ö
+ç ÷ç ÷ç ÷ç ÷è ø¢¢= ç ÷+ç ÷

ç ÷
è ø



Semarak International Journal of Mechanical Precision Engineering 
Volume 2, Issue 1 (2025) 24-36 

28 
 

                   (10) 
 

                   (11) 
 
subject to: 
 

                     (12) 
 

The dimensionless parameters governed the system are the Prandtl number (Pr), Bingham 
number (γ), RP parameter (λ), and mixed convection parameter (Z), defined as follows: 
 

                                      (13) 

 
where the Grashof number is 𝐺𝑟. = .𝑔∗(𝛽0)+.𝑇'𝑥("/$0𝑥$0/𝑣+1. The value λ = 1 indicates the viscous 
type, λ < 1 for shear thickening and λ > 1 is shear thinning fluid. Further, the static, stretching, and 
shrinking sheets are denoted by ε= 0, ε> 0, and ε< 0, respectively. The physical quantities Cf and Nux, 
are given by; 
 

                                 (14) 

 
with: 

                         (15) 

 
where, 𝜏! is the quantity of  𝜏 on y = 0, and 𝑞! is the surface heat flux. After applying Eq. (14) and 
Eq. (15), one gets: 
 

                           (16) 

 
and 𝑅𝑒. = 𝑢!(𝑥)𝑥/𝑣+ is the local Reynolds number. 
 

In this study, various key parameters have been carefully defined to guide the research. The 
Prandtl number (Pr), a dimensionless quantity that characterizes the ratio of momentum diffusivity 
to thermal diffusivity, is set at 6.2. This indicates a significant influence of viscous forces in the fluid. 
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The shrinking parameter, denoted as ε, is fixed at -1, which suggests that the fluid domain is 
contracting over time. Meanwhile, the Bingham number (γ), set at 0.1, reflects the fluid's yield stress 
characteristics, indicating a relatively low yield stress in relation to the viscous forces. The suction 
parameter (S), valued at 1.5, represents the intensity of the suction effect applied to the flow, while 
the mixed convection parameter (Z), set at -1, indicates the significance of both forced and natural 
convection in the system. Lastly, the R-P parameter (λ) is set to 1.5, further influencing the flow 
dynamics in the study. These parameters establish a comprehensive framework for understanding 
the fluid behaviour under investigation. 

In addition, Table 1 lists the physical properties of pure water (H2O), graphene oxide (GO), and 
molybdenum disulfide (MoS2), whereas Table 2 lists the thermophysical characteristics of hybrid 
nanofluid. 
 

Table 1 
Thermophysical properties of H2O, GO and MoS2 [39,40] 
Thermophysical properties H2O GO MoS2 

 997.1 1800 5060 

 4179 717 397.21 

 0.613 5000 904.4 

 21 0.284 2.8424 

Pr 6.2 - - 
 

Table 2  
Thermophysical properties of hybrid nanofluid [28,29] 
Thermophysical properties Hybrid nanofluid 

Density  

Heat capacity  

Dynamic viscosity  

Thermal conductivity  

Thermal expansion 
 

where  

     
3. Results  
 

The research conducted in this study was carried out with extreme care and precision. Specific 
values for various parameters, including the volume fraction of nanoparticles φ, were selected to 
create a set of nonlinear ODEs (Eq. (9)-(11)). The obtained model is solved using a bvp4c solver. 
However, before solving the boundary value problems, they must first be converted into a system of 
first-order ODEs. 
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Adjusting the step size and providing an initial guess at the initial mesh point are important to 
achieving accurate solutions. The appropriate initial guess and boundary layer thickness are 
contingent upon the specific parameter values, which will help determine the solution's behaviour. 

Before discussing the results in detail, it is important to note the fixed values of the influential 
parameters in the simulations. The range of φ values is between 0 and 0.04, where φ1 = φ2 = 0 
indicates regular base fluid. The Prandtl number is set to 6.2, the shrinking parameter ε = -1, the 
Bingham number γ = 0.1, the suction parameter S = 1.5, the mixed convection parameter Z = -1, and 
the R-P parameter λ = 1.5. It should be noted that, in this study, the results are primarily focused on 
the case of pseudoplastic fluid (λ > 1) as compared to the other two instances of dilatant (λ < 1) and 
Newtonian fluid (λ = 1). 

The validity of the current model is reinforced through a comparison with the theoretical 
predictions of 𝑅𝑒.

"/1𝐶+ provided by Yam et al., [4] Given that the equations of the existing model for 
the limiting situation are identical, it is fitting to directly compare the current findings with these 
predictions. Figure 2 showcases the comparison of skin friction coefficient values against the R-P 
parameter (λ) for two distinct values of ε. The results are in strong alignment with those reported by 
Yam et al., [4], highlighting an excellent degree of agreement and reliability. Furthermore, Table 3 
presents numerical data that further substantiates the current model in relation to specific limiting 
cases. 

 

 
Fig. 2. Graphical comparison of the against λ 

 
Table 3  
Comparative value of when ,  γ = 1 and Pr = 10 

λ ε = -0.95  ε = -0.995  
Yam et al., [4] Present result Yam et al. [4] Present result 

0.1 0.1740 0.174047 0.1138 0.113773 
0.6 0.4264 0.426436 0.2825 0.282518 
1.0 0.5470 0.546695 0.3672 0.367217 
1.8 0.7175 0.717538 0.4953 0.495285 
2.6 0.8412 0.841255 0.5940 0.594053 
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The impact of the solid volume fraction of nanoparticles (φ2) on 𝑅𝑒.
"/1𝐶+ and 𝑅𝑒.

("/1𝑁𝑢.  are 
illustrated in Figures 3 and 4. Figure 3 demonstrates that the 𝑅𝑒.

"/1𝐶+ increases progressively as the 
value of φ rises. Brinkman [13] explained that an increase in the nanoparticle volume fraction results 
in higher fluid viscosity, which in turn contributes to greater skin friction along the surface. 
Conversely, Figure 4 indicates that as the volume fraction of nanoparticles increases, there is a 
corresponding decrease in 𝑅𝑒.

("/1𝑁𝑢.. This phenomenon occurs because nanoparticles enhance the 
nanofluid's viscosity, density, and conductivity. However, this may also reduce the nanofluid's heat 
capacitance. Thus, there is a trade-off between the improved properties, such as heightened viscosity 
and conductivity and the potential decrease in heat capacitance, which can impact the overall heat 
transfer coefficient. 

Figure 5 demonstrates the impact of suction on the reduced skin friction coefficient. Notably, the 
values of 𝑅𝑒.

"/1𝐶+  increase with the level of suction. This phenomenon occurs because suction at the 
boundary reduces the motion of the nanofluid and intensifies the velocity gradient at the surface. 
Figure 6 reveals that the values of 𝑅𝑒.

("/1𝑁𝑢.	indicating that the heat transfer rate at the surface 
also rises with increased suction. Specifically, a higher magnitude of the suction parameter correlates 
with an enhanced heat transfer rate. This can be attributed to the fact that greater suction decreases 
the thickness of the thermal boundary layer, thereby increasing the temperature gradient at the 
surface. 

The velocity and temperature profiles of the hybrid nanofluid with varying volume fractions of 
nanoparticles (φ2) are illustrated in Figures 7 and 8. The analysis reveals that an increase in φ2 results 
in enhanced fluid velocity. Although this rise in φ2 is expected to elevate the fluid's viscosity, as 
indicated by Brinkman [13], it simultaneously increases the skin friction along the permeable vertical 
shrinking flat plate. This relationship is evident in the velocity profiles presented in Figure 7, where a 
higher φ2 corresponds to a reduction in the momentum boundary layer thickness. Moreover, Figure 
8 demonstrates that the temperature of the fluid increases with an increase in φ2, suggesting that 
the temperature of the nanofluids can be effectively regulated by adjusting the volume fraction of 
the nanoparticles within the base fluid. 
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Fig. 3. 𝑅𝑒!
"/$𝐶% vs Z for numerous values of φ2 when Pr=6.2, the R-

P parameter λ = 1.5, the shrinking parameter ε = -1, the Bingham 
number γ = 0.1, and the suction parameter S = 1.5 

 

 
Fig. 4. 𝑅𝑒!

&"/$𝑁𝑢! vs Z for numerous values of φ2	when	Pr=6.2,	
the R-P parameter λ = 1.5, the shrinking parameter ε = -1, the 
Bingham number γ = 0.1, and the suction parameter S = 1.5 

 

 
Fig. 5. 𝑅𝑒!

"/$𝐶% vs Z for numerous values of S	when	Pr=6.2,	the 
R-P parameter λ = 1.5, the shrinking parameter ε = -1, the Bingham 
number γ = 0.1, and the volume concentration φhnf	= 0.02	
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Fig. 6.	𝑅𝑒!

&"/$𝑁𝑢! vs Z for numerous values of S	when	Pr=6.2,	the 
R-P parameter λ = 1.5, the shrinking parameter ε = -1, the Bingham 
number γ = 0.1, and the volume concentration φhnf	= 0.02	

 

 
Fig. 7. The velocity profile 𝑓′(𝜂) for several values of φ2 when	
Pr=6.2,	the R-P parameter λ = 1.5, the shrinking parameter ε = -1, 
the Bingham number γ = 0.1, the mixed parameter Z = -0.1 and the 
suction parameter S = 1.5	
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Fig. 8. The temperature profile 𝜃(𝜂) for several values of φ2	when	
Pr=6.2,	the R-P parameter λ = 1.5, the shrinking parameter ε = -1, 
the Bingham number γ = 0.1, the mixed parameter Z = -0.1 and the 
suction parameter S = 1.5	

 
4. Conclusions 
 

This study explores the mixed convection of R-P hybrid nanofluid flow near a stagnation point 
over a shrinking sheet. Utilizing similarity transformations and numerical methods, the researchers 
investigated the influence of various factors—including nanoparticle concentration, mass flux 
parameters, and fluid properties—on fluid flow and heat transfer. The results yield valuable insights 
into the potential applications of hybrid nanofluids. 

 
i) The increase in the nanoparticle volume fraction within the nanofluid enhances the velocity 

distribution, temperature distribution, and skin friction coefficient. Conversely, this 
increment decreases the heat transfer rate at the surface. 

ii) An increase in the intensity of the suction parameter S increases the values of 𝑅𝑒.
&
'𝐶+ and 

𝑅𝑒.
(&'𝑁𝑢.. 
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