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Nanoparticle-based fluids exhibit significant potential for enhancing the efficiency of 
solar thermal systems. Ferrofluids, characterised by high thermal conductivity and 
strong magnetic responsiveness, can substantially improve heat absorption and the 
overall performance of solar collector plates. This study investigates the influence of 
magnetic fields on the flow behaviour and heat transfer characteristics of a ferrofluid 
containing ferrite and cobalt ferrite nanoparticles, dispersed in an equal mixture of 
ethylene glycol and water, over an inclined stretching plate. Uniform magnetic fields 
are employed to examine magnetohydrodynamic (MHD) effects, while non-uniform 
magnetic fields are considered to capture ferrohydrodynamic (FHD) behaviour. The 
governing partial differential equations are transformed into a system of ordinary 
differential equations using similarity transformations and are subsequently solved 
numerically using the bvp4c function in MATLAB. The results indicate that uniform 
magnetic fields significantly decelerate the fluid motion, as compared to non-uniform 
magnetic fields. The temperature profile increases more markedly under MHD effects 
compared to FHD effects. In contrast, stronger magnetic fields increase shear stress 
while suppressing heat transfer. These findings provide valuable insights for the design 
and optimization of solar collector plates, enabling improved thermal efficiency and 
stable system operation. 
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1. Introduction 

 
Solar collector plates, as shown in Figure 1 are the core components of solar thermal systems, 

serving as the primary surfaces for absorbing incident solar radiation and converting it into usable 
thermal energy [1]. The efficiency of these plates depends not only on the material and geometry of 
the plate but also on the effectiveness of heat transfer to the working fluid.  Suman et al., [2] 
highlighted three common strategies to enhance collector performance. The initial strategy focuses 
on improving heat transfer between the collector plate and the working fluid through surface 
modification. The second involves applying coatings to the absorber to maximise solar radiation 
absorption. The third strategy is to increase the thermal conductivity of the working fluid by 
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introducing nanoparticles, thereby employing nanofluids as the heat transfer medium [2]. The limited 
thermal conductivity of conventional fluids restricts convective heat transfer from the plate to the 
fluid, presenting a critical obstacle to achieving high overall system efficiency. 
 

 

Fig. 1. Solar collector plate geometry with heat transfer processes [3,4] 

To address these limitations, a dual ferrofluid can be employed as the working fluid. This fluid 
comprises a mixture of various magnetic nanoparticles uniformly dispersed in a base fluid [5]. The 
combination of the thermal and magnetic characteristics of these nanoparticles results in higher 
thermal conductivity, stronger magnetisation, and improved stability compared to conventional 
nanofluids [6]. As a result, the use of such a magnetised fluid in solar collectors enhances heat 
transfer, thereby increasing thermal efficiency and solar energy absorption [7]. When exposed to a 
magnetic field, the dual ferrofluid experiences temperature-dependent forces that generate 
additional fluid motion, a phenomenon known as thermomagnetic convection [8]. The type of 
magnetic field governs the characteristics of the fluid. The uniform magnetic fields primarily induce 
the magnetohydrodynamic (MHD) effect. In contrast, non-uniform magnetic fields such as those 
generated by magnetic dipoles create spatial gradients that lead to the ferrohydrodynamic (FHD) 
effect. These effects influence the magnetised fluid motion through its magnetisation [9]. A 
comparison of these two effects is presented in Table 1 [10,11]. The synergistic effects further 
strengthen convective heat transfer from the solar collector plate, providing an efficient approach to 
enhancing the thermal efficiency of the system. 

Table 1 
Comparison between MHD and FHD effects 

Features MHD Effect FHD Effect 
Definition The influence of externally applied uniform 

magnetic fields from external devices like coils or 
current-carrying wires on electrically conducting 
fluids (plasma and water), inducing an electric 
current. 

Non-uniform magnetic fields from a magnetic 
dipole act on dual ferrofluid by inducing 
magnetisation. 

Force on fluid The Lorentz force is generated when an electric 
current interacts with a magnetic field. 

Kelvin force results from magnetic field gradients 
acting on a magnetised fluid. 

Magnetic field 
direction 

Uniform. Non-uniform (spatially varying at 𝑥 and 𝑦 
directions). 

Force 
direction 

Perpendicular to fluid motion and magnetic field. Along the magnetic field gradient. 
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Several studies have examined the influence of MHD effects on dual ferrofluid flow. A dual 
ferrofluid formulated from cobalt ferrite (𝐶𝑜𝐹𝑒!𝑂") and ferrite (𝐹𝑒#𝑂") demonstrate improved heat 
transfer performance under MHD conditions relative to conventional ferrofluid [5]. Deebani et al., 
[12] further extended this work [5] by incorporating MHD effects at an acute magnetic field angle 
along with thermal radiation. Hedayatnasab et al., [13] reported that both nanoparticles possess 
strong magnetic response and long-term stability, these characteristics attributed to their high 
oxygen content. An increase in the magnetic parameter has been shown to elevate the local skin 
friction in a dual ferrofluid composed of 𝐹𝑒#𝑂"/𝐶𝑜𝐹𝑒!𝑂" suspended in water [14]. Asghar et al., [15] 
conducted research involving a MHD dual ferrofluid composed of 𝐹𝑒#𝑂"/𝐶𝑜𝐹𝑒!𝑂" in water over a 
porous stretching and shrinking sheet. As the MHD effect parameter increases, the velocity profile 
increases while the temperature profile decreases. Anantha et al., [16] and Nisar et al., [17] have 
investigated the similar MHD dual ferrofluid, as in [5,12,15] which dissolved in a solution of 50%:50% 
ethylene glycol (EG) with water. 

In the context of the FHD effect, Tahir et al., [18] further demonstrated that a dual ferrofluid 
formulated from nickel-zinc ferrite (𝑁𝑖𝑍𝑛𝐹𝑒!𝑂") and manganese zinc ferrite (𝑀𝑛𝑍𝑛𝐹𝑒!𝑂") in 
kerosene and engine oil exhibited improved heat transfer performance under FHD conditions. 
Consequently, such a dual ferrofluid has been recommended for application in thermal management 
systems, including cooling and heating devices. Chuohan and Chaudhary [19] also reported that the 
fluid motion decays more rapidly under the influence of the FHD effect in a dual ferrofluid, 
𝑀𝑛𝑍𝑛𝐹𝑒!𝑂"/𝐹𝑒#𝑂". They also observed that the FHD effect induces heat generation within the fluid, 
resulting in a rise in the flow temperature. Recently, Magdy et al., [20] reported that the FHD and 
MHD effects produce distinct flow patterns in unsteady ferrofluid flow. 

Besides, the geometry of a solar collector plate plays a crucial role in determining its overall 
thermal performance, as it directly influences the way solar radiation is absorbed, distributed, and 
transferred to the working fluid. An inclined extending (or stretching) plate is a particularly significant 
geometric configuration in engineering applications, including solar collector systems, as illustrated 
in Figure 1. Moreover, the angle at which the sheet is inclined affects the gravitational force, which 
in turn changes the fluid flow due to the induced buoyancy force, thereby generating mixed 
convection in the fluid.  Rani Titus and Abraham [21] investigated the impact of an inclination angle 
on a ferrofluid with the FHD effect. Their findings show that increasing the inclination angle reduces 
the velocity distribution associated with the FHD effect. They also reported that the inclination angle 
increases the thickness of the thermal boundary layer. Furthermore, Zainodin et al., [22] discussed 
the behaviour of a 𝐹𝑒#𝑂"/𝐶𝑜𝐹𝑒!𝑂" along an inclined porous stretching sheet with mixed convection 
parameter. This investigation revealed that the various values of inclination angle rapidly elevate the 
heat transfer rate and skin friction of the dual ferrofluid. Increasing the heat transfer rate is attributed 
to a greater buoyancy force when the sheet is altered from a horizontal to a vertical orientation. Azmi 
et al., [23] and Alabdulhadi et al., [24] also concluded that the inclination parameter influences the 
behaviour of fluid flow by enhancing the fluid motion while reducing the temperature distribution. 

Despite extensive research on ferrofluids, the literature reveals a significant gap, the coupled 
influence of FHD and MHD effects, inclination angle, and mixed convection on dual ferrofluid flow 
over an extending sheet remains largely unexplored. Moreover, to the best of the authors’ 
knowledge, no existing study has investigated the behaviour of a dual ferrofluid composed of 
𝐹𝑒#𝑂"/𝐶𝑜𝐹𝑒!𝑂" nanoparticles dispersed in an ethylene glycol–water mixture under the 
simultaneous influence of both FHD and MHD effects.  Motivated by the previous studies [19-21], 
the current research concentrates on the FHD and MHD effects on a mixed convection 
𝐹𝑒#𝑂"/𝐶𝑜𝐹𝑒!𝑂" −	50% EG + 50% water dual ferrofluid flow across an inclined extending plate. The 
modified Tiwari and Das’s model [25] has been applied to describe the thermophysical properties of 



Semarak International Journal of Fundamental and Applied Mathematics  
Volume 9, Issue 1 (2026) 1-19 

 

4 
 

the dual ferrofluid flow. The governing equations in the form of partial differential equations (PDEs), 
including the continuity, momentum, and energy equations are developed. The complexity of the 
PDEs is reduced by introducing similarity variables, which transform the system into ordinary 
differential equations (ODEs). The resulting ODEs are subsequently solved using the bvp4c solver in 
MATLAB. The velocity and temperature profiles, as well as the surface shear stress and heat transfer 
rate, are subsequently analysed and presented graphically. The findings of this study are significant 
in providing new theoretical insight into the interaction of uniform and non-uniform magnetic fields, 
buoyancy forces, and surface inclination in dual ferrofluid flows, thereby offering useful guidance for 
the development and optimisation of magnetically controlled thermal and heat transfer systems. The 
objectives of this research are to investigate 

i. the effects of uniform (MHD) and non-uniform (FHD) magnetic fields on a mixed convection 
dual ferrofluid flow, 

ii. and the influences of inclination angle on dual ferrofluid over an extending plate. 
 
2. Mathematical Formulation  

 
 

Fig. 2. Physical configuration of FHD and MHD effect over an inclined extending plate 
 

The current study examines a steady, incompressible, two-dimensional, and laminar viscous dual 
ferrofluid flow over an inclined extending plate under the combined influences of FHD and MHD 
effects. The dual ferrofluid consists of ferrite (𝐹𝑒#𝑂") and cobalt ferrite (𝐶𝑜𝐹𝑒!𝑂") nanoparticles 
dispersed in a base fluid composed of 50% ethylene glycol (EG) and 50% water. The fluid motion is 
analysed in the (𝑥, 𝑦) coordinate directions, where 𝑢 and 𝑣 denote the velocity components with 
respect to 𝑥 and 𝑦, respectively. The plate extends along the 𝑥 -axis with a stretching velocity 𝑈$ =
𝑎𝑥, with 𝑎 > 0 characterising the plate’s stretching rate, as depicted in Figure 2 [12, 21]. The 𝑦-axis 
is taken to be normal to the sheet [18].  The plate is inclined at an angle 𝛼∗, which induces a buoyancy 
force within the fluid [21]. 

The surface of the plate is held at a uniform temperature 𝑇$, whereas the ambient fluid 
temperature is denoted by 𝑇&. In the presence of magnetic nanoparticles, the system is additionally 
characterised by the Curie temperature 𝑇', which control their magnetic properties. The local 
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temperature of the dual ferrofluid is represented by 𝑇. Once the fluid temperature exceeds 𝑇', the 
nanoparticles can no longer sustain magnetisation. Accordingly, the temperature field in the present  
analysis is assumed to satisfy 𝑇 < 𝑇$ < 𝑇& < 𝑇' 	[18]. In modeling the FHD effect, a magnetic dipole 
is located below the 𝑥-axis, centered along the 𝑦-axis. The parameter 𝑑 defines the vertical distance 
separating the dipole from the sheet. The magnetic moment is oriented in the positive 𝑥-direction 
(from the north pole toward the south pole), as illustrated in Figure 2, producing magnetic fields 
strong enough to magnetically saturate the dual ferrofluid [18]. Meanwhile, in the presence of the 
MHD effect, an external magnetic field 𝐵( is oriented perpendicular to the direction of fluid flow.  
The uniform MHD field and the non-uniform FHD field are assumed to act independently [20]. The 
induced magnetic field is neglected because it is small compared to the applied fields. Under this 
assumption, the total magnetic effect on the dual ferrofluid is treated as the sum of the two fields. 
The uniform MHD field produces a Lorentz force, while the non-uniform FHD field generates a Kelvin 
force. These forces affect the fluid simultaneously, but the magnetic fields themselves do not directly 
interact. Accordingly, the governing PDEs for the continuity, momentum, and energy equations may 
be written as [19-21] 

 
𝜕𝑢
𝜕𝑥

+
𝜕𝑣
𝜕𝑦

= 0,	 (1) 

𝜌!"" +𝑢
𝜕𝑢
𝜕𝑥

+ 𝑣
𝜕𝑢
𝜕𝑦,

= 𝑀𝜇#
𝜕𝐻
𝜕𝑥

	+ 𝜇!"" 1
𝜕$𝑢
𝜕𝑥$

+
𝜕$𝑢
𝜕𝑦$

2 − 𝜎!""𝐵02𝑢	+ (𝜌𝛽∗)!""(𝑇& − 𝑇)𝑔 sin 𝛼∗, (2) 

=𝜌𝐶'?!"" +𝑢
𝜕𝑇
𝜕𝑥

+ 𝑣
𝜕𝑇
𝜕𝑦,

+ +𝑢
𝜕𝐻
𝜕𝑥

+ 𝑣
𝜕𝐻
𝜕𝑦,

𝜇#𝑇
𝜕𝑀
𝜕𝑇

= 𝑘!"" 1
𝜕$𝑇
𝜕𝑥$

+
𝜕$𝑇
𝜕𝑦$

2 

+𝜇!"" A2 +
𝜕𝑢
𝜕𝑥,

$

+ 2+
𝜕𝑣
𝜕𝑦,

$

+ +
𝜕𝑢
𝜕𝑦

+
𝜕𝑣
𝜕𝑥,

$

C. 
(3) 

 
In Eq. (2), the term 𝑀𝜇(  +,

+-
 represents the magnetic body force per unit volume, where 𝑀 

denotes the magnetisation. This contribution is commonly known as the Kelvin force [26]. The terms  
+,
+-

 and +,
+.

  appearing in both Eqs. (2) and (3) denote the spatial gradient of the magnetic field strength 

in the 𝑥 and 𝑦 −directions, respectively. These gradients are expressed as [20] 
𝜕𝐻
𝜕𝑥

= −
𝛾(
2𝜋

2𝑥
(𝑦 + 𝑑))

, 

𝜕𝐻
𝜕𝑦

=
𝛾(
2𝜋

1−
2

(𝑦 + 𝑑)*
+

4𝑥$

(𝑦 + 𝑑)+
2. 

The term  /0
/1

 in Eq. (3) represents the rate of change of magnetisation 𝑀 with respect to temperature 

𝑇. The magnetisation 𝑀 is assumed to vary linearly with temperature and is given by [20] 
 

𝑀 = 𝐾(𝑇' − 𝑇). 
 
where 𝐾 is the thermomagnetic coefficient, which characterises the influence of temperature 
gradients on the magnetic properties of the fluid. For the FHD effect to occur, the fluid temperature 
𝑇 must differ from the Curie temperature 𝑇', and the magnetic field must be non-uniform [26].  

Eq. (2) captures the MHD effect, which arises due to the electrical conductivity 𝜎233of the dual 
ferrofluid when subjected to the applied magnetic field 𝐵(. The mixed convection term, expressed in 
the final part of Eq. (2), accounts for the combined influence of gravitational acceleration 𝑔 and the 
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thermal expansion coefficient (𝜌𝛽)∗ [24]. The flat plate is inclined at an angle 𝛼∗, represented 
through sin 𝛼∗ [21]. Additionally, the final term in Eq. (3) indicates that viscous dissipation is caused 
by internal viscous shear in the dual ferrofluid.  

 The dual ferrofluid model Eqs. (1) to (3) are constrained by the following boundary conditions 
[18, 21] 

 
𝑦 = 0:		𝑢 − 𝑈$ = 0, 𝑣 = 0, 𝑇 = 𝑇$ ,	 (4) 

𝑦 → ∞:		𝑢 = 0, 𝑇 = 𝑇' .	 (5) 
 
According to Eq. (4), the 𝑥-direction velocity fulfills the no-slip condition, meaning that the dual 
ferrofluid adheres to the plate and moves with the same velocity as the stretching surface. The 
velocity in the 𝑦-direction is initially zero. The dual ferrofluid temperature at the plate surface is 𝑇$ 
when 𝑦 = 0. As the fluid moves away from the sheet toward the free stream ( 𝑦 → ∞), the velocity 
approaches zero, and the temperature of the dual ferrofluid approaches the Curie temperature of 
the magnetic nanoparticles 𝑇'  [18] . 

 
Table 2 
Model of dual ferrofluid [5,12,22] 

Properties Model 
Density 𝜌!"" = %1 − 𝜙#$%&!'")*𝜙%&#'"𝜌%&#'" + %1 − 𝜙%&#'")𝜌()*+,-&., + 𝜙#$%&!'"𝜌#$%&!'"  
Specified heat capacity %𝜌𝐶/)!"" = %1 − 𝜙#$%&!'") .%1 − 𝜙%&#'")%𝜌𝐶/)()*+,-&. + 𝜙%&#'"%𝜌𝐶/)%&#'"/

+ 𝜙#$%&!'"%𝜌𝐶/)#$%&!'"  
Thermal expansion 
coefficient   

(𝜌𝛽∗)!"" = 𝜙#$%&!'"(𝜌𝛽
∗)#$%&!'" + %1 − 𝜙#$%&!'") 

*𝜙%&#'"(𝜌𝛽
∗)%&#'" + %1 − 𝜙%&#'")(𝜌𝛽

∗)()*+,-&., + 
Dynamic viscosity 𝜇!"" =

𝜇()*+,-&.
%1 − 𝜙%&#'")

1.3%1 − 𝜙#$%&!'")
1.3 

Thermal conductivity 
𝑘!"" =

𝑘#$%&!'" + 2𝑘%&#'" − 2𝜙#$%&!'"%𝑘%&#'" − 𝑘#$%&!'")
𝑘#$%&!'" + 2𝑘%&#'" + 𝜙#$%&!'"%𝑘%&#'" − 𝑘#$%&!'")

× 𝑘%&#'"  

where 
𝑘%&#'"

𝑘()*+,-&.
=
𝑘%&#'" + 2𝑘()*+,-&. − 2𝜙#$%&!'"%𝑘()*+,-&. − 𝑘%&#'")
𝑘%&#'" + 2𝑘()*+,-&. + 𝜙#$%&!'"%𝑘()*+,-&. − 𝑘%&#'")

, 

Electrical conductivity 
𝜎!"" =

𝜎#$%&!'" + 2𝜎%&#'" − 2𝜙#$%&!'"%𝜎%&#'" − 𝜎#$%&!'")
𝜎#$%&!'" + 2𝜎%&#'" + 𝜙#$%&!'"%𝜎%&#'" − 𝜎#$%&!'")

× 𝜎%&#'"  

where 
𝜎%&#'"

𝜎()*+,-&.
=
𝜎%&#'" + 2𝜎()*+,-&. − 2𝜙#$%&!'"%𝜎()*+,-&. − 𝜎%&#'")
𝜎%&#'" + 2𝜎()*+,-&. + 𝜙#$%&!'"%𝜎()*+,-&. − 𝜎%&#'")

 

 
The dual ferrofluid coefficients established in Eqs. (2) and (3) pertain to the modification of the 

nanofluid model proposed by Tiwari and Das [25] are summarised in Table 2 [5,12,22]. The values of 
the thermophysical properties for 𝐹𝑒#𝑂" and 𝐶𝑜𝐹𝑒!𝑂" nanoparticles together with the conventional 
fluid of mixture EG-water are presented in Table 3 [16,17]. 
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Table 3 
The thermophysical traits of dual ferrofluid [16,17] 

Properties 𝑭𝒆𝟑𝑶𝟒	 𝑪𝒐𝑭𝒆𝟐𝑶𝟒 Ethylene glycol with water 
(50%:50%) 

𝜌(𝑘𝑔𝑚78) 5180	 4907	 1056	 
𝐶/(𝐽𝑘𝑔79𝐾79) 670	 700	 3.288  
𝑘(𝑊𝑚79𝐾79) 9.7	 3.7	 0.425  
𝛽 × 1073(𝐾79) 0.5 1.3 0.00341 
𝜎	(𝑆𝑚79) 0.74 × 10: 1.1 × 10; 0.00509 

𝑃𝑟 - - 29.86 
 
2.1 Similarity Variables 
 
Using the following similarity variables, [21] 

𝜓(𝜉, 𝜂) = 𝜈3𝜉𝑓(𝜂), (𝜉, 𝜂) = QR
𝑐
𝜈3
T

4
!
𝑥, R

𝑐
𝜈3
T

4
!
𝑦U,	 

𝜃(𝜉, 𝜂) =
𝑇' − 𝑇
𝑇' − 𝑇$

= 𝜃4(𝜂) + 𝜉!𝜃!(𝜂), 

(6) 

 
the system of coupled PDEs with boundary conditions, (1) to (5) is reduced to ODEs. Here, 𝑓(𝜂) is the 
similarity function, 𝜈3 =

5
6

 is the kinematic viscosity, 𝜓(𝜉, 𝜂) is the stream function, and 𝜃(𝜉, 𝜂) is the 

dimensionless temperature both depending on the independent variables (𝜉, 𝜂). The stream function 
𝜓(𝜉, 𝜂) automatically satisfies the continuity Eq. (1), and the velocity components of the dual 
ferrofluid flow are expressed as 𝑣 = − /7

/-
= −X𝑐𝜇/𝜌 𝑓(𝜂) in the 𝑦-direction, and 𝑢 = /7

/.
= 𝑐𝑥𝑓8(𝜂) 

in the 𝑥-direction. By imposing Eq. (6) into Eqs. (2) and (3), yields  
 

𝑓888 − R
𝜌233
𝜌'3

TR
𝜇'3
𝜇233

T [(−𝑓8! + 𝑓𝑓88)] − 2	 R
𝜇'3
𝜇233

T
𝛽𝜃4

(𝜂 + 𝛼)" − R
𝜎233
𝜎'3

TR
𝜇'3
𝜇233

T𝐵(!𝑀𝑓8

+ R
𝜌233
𝜌93

TR
(𝜌𝛽∗)ℎ𝑓𝑓
(𝜌𝛽∗)𝑐𝑓

T λ𝜃4 sin 𝛼∗ = 0, 
(7) 

R
𝑘233
𝑘'3

T (𝜃488 + 2𝜃!) + ^
_𝜌𝐶:`233
_𝜌𝐶:`'3

a𝑃𝑟𝑓𝜃48 +
2𝜒𝛽𝑓(𝜃4 − 𝜀)
(𝜂 + 𝛼)# − R

𝜇233
𝜇'3

T 4𝜒𝑓8! = 0, (8) 

R
𝑘233
𝑘'3

T𝜃!88 − ^
_𝜌𝐶:`233
_𝜌𝐶:`'3

a𝑃𝑟(2𝑓8𝜃! − 𝑓𝜃!8 ) − 𝜆𝛽(𝜃4 − 𝜀) h
2𝑓8

(𝜂 + 𝛼)" +
4𝑓

(𝜂 + 𝛼);i 

+
2𝜒𝛽𝑓𝜃!
(𝜂 + 𝛼)# − R

𝜇233
𝜇'3

T𝜒𝑓88! = 0. 

(9) 

 
The boundary conditions (4) and (5) are reduced to 
 

 at 𝜂 = 0: 𝑓(𝜂) = 0, 𝑓8(𝜂) = 1, 𝜃4(𝜂) = 1, 𝜃!(𝜂) = 0, (10) 
at 𝜂 → ∞:	𝑓8(𝜂) → 0, 𝜃4(𝜂) → 0, 𝜃!(𝜂) → 0. (11) 
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Here, the prime (⬚8) denotes differentiation with respect to 𝜂. The dimensionless parameters used 
in Eqs. (7) to (9) are defined as follows. 
 

𝑃𝑟 =
𝜇𝐶/
𝑘

 : Prandtl number, 𝜒 =
𝑐𝜇!

𝜌𝑘(𝑇' − 𝑇$)
 : Viscous 

dissipation, 

𝜀 =
𝑇&

𝑇& − 𝑇0
 : Curie 

temperature, 𝛽 =
𝛾
2𝜋

𝜇(𝐾(𝑇' − 𝑇$)𝜌
𝜇!  : FHD effect, 

𝛼 = L
𝑐𝜌
𝜇
𝑑 : Dimensionless 

distance, 
𝑀 =

𝜎'3
𝑎𝜌'3

𝐵(! : MHD effect, 

λ =
𝐺𝑟-
𝑅𝑒-!

=
p𝑔𝛽

∗(𝑇' − 𝑇)
𝑐!𝑥 q

𝑅𝑒-!
=
𝑔𝛽∗(𝑇' − 𝑇)𝑥#

𝜈3!
 : 

Mixed 
convection 
parameter. 

 
2.2 Physical Quantities 

The local skin friction 𝐶3, is defined in terms of the wall shear stress, 𝜏$ [18, 21] 
 

𝐶3 = −
2𝜏$
𝜌'3𝑈$!

, where	𝜏$ = 𝜇233
𝜕𝑢
𝜕𝑦x.<(

. 

The Nusselt number 𝑁𝑢-, representing the heat transfer rate 𝑞$, is expressed as [18, 21] 
 
 

𝑁𝑢- =
𝑥𝑞$

𝑘'3(𝑇' − 𝑇$)
, where	𝑞$ = −𝑘233

𝜕𝑇
𝜕𝑦x.<(

. 

Using the similarity transformations (13) and the Reynolds number 𝑅𝑒 = 𝑈$ z
-
=<
{, the dimensionless 

forms of 𝐶3 and Nu-are obtained as [18, 21] 
 

𝐶3𝑅𝑒-
4
! = −

2

~1 − 𝜑𝐹𝑒3𝑂4�
2.5
~1 − 𝜑𝐶𝑜𝐹𝑒2𝑂4�

2.5 𝑓
88(0)	and	 

𝑁𝑢-𝑅𝑒-
>4! = −

𝑘𝐹𝑒3𝑂4/𝐶𝑜𝐹𝑒2𝑂4−EG	+	water
𝑘EG	+	water

[𝜃48(0) + 𝜉!𝜃!8(0)]. 

3. Numerical Method  
 

The transformed system of ODEs (7) to (9) along with the boundary conditions (10) to (11) is 
solved numerically using the MATLAB bvp4c solver. This solver employs a collocation method to 
approximate the solution of boundary value problems for ODEs [27]. To implement the numerical 
method, the higher-order ODEs are first transformed into a system of first-order equations by 
introducing the following new dependent variables 
 
𝑓(𝜂) = 𝑦(1), 𝑓8(𝜂) = 𝑦(2), 𝑓88(𝜂) = 𝑦(3), 𝜃4 = 	𝑦(4), 𝜃48 = 𝑦(5), 𝜃! = 	𝑦(6), 𝜃48 = 𝑦(7). (12) 

 
Substituting Eq. (12) into Eqs. (7) to (9) yields the following system of first-order differential equations 
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𝑦(3)8 − R
𝜌233
𝜌'3

TR
𝜇'3
𝜇233

T �_−𝑦(2)! + 𝑦(1)𝑣(3)`� − 2	 R
𝜇'3
𝜇233

T
𝛽𝑦(4)
(𝜂 + 𝛼)"

− R
𝜎233
𝜎'3

TR
𝜇'3
𝜇233

T𝐵(!𝑀𝑦(2) + R
𝜌233
𝜌93

TR
(𝜌𝛽∗)ℎ𝑓𝑓
(𝜌𝛽∗)𝑐𝑓

T λ𝑦(4) sin 𝛼∗ = 0, 
(13) 

R
𝑘233
𝑘'3

T _𝑦(5)8 + 2𝑦(6)` + ^
_𝜌𝐶:`233
_𝜌𝐶:`'3

a𝑃𝑟𝑦(1)𝑦(5) +
2𝜒𝛽𝑦(1)(𝑦(4) − 𝜀)

(𝜂 + 𝛼)#

− R
𝜇233
𝜇'3

T4𝜒𝑦(2)! = 0, 

(14) 

R
𝑘233
𝑘'3

T𝑦(7)8 − ^
_𝜌𝐶:`233
_𝜌𝐶:`'3

a𝑃𝑟_2𝑦(2)𝑦(6) − 𝑦(1)𝑦(7)` +
2𝜒𝛽𝑦(1)𝑦(6)
(𝜂 + 𝛼)#

− 𝜆𝛽(𝑦(4) − 𝜀) h
2𝑦(2)
(𝜂 + 𝛼)" +

4𝑦(1)
(𝜂 + 𝛼);i − R

𝜇233
𝜇'3

T𝜒𝑦(2)# = 0. 

(15) 

 
The corresponding boundary conditions (10) and (11) expressed in terms of the first-order variables 
are 
 

at 𝑦?: 𝑦?(1) = 0, 𝑦?(2) = 1, 𝑦?(4) = 1, 𝑦?(6) = 0, (16) 
at 𝑦9:	𝑦9(2) → 0, 𝑦9(4) → 0, 𝑦9(6) → 0. (17) 

 
An initial guess for the solution over the computational domain is provided, which serves as a 

starting point for the solver. The initial guesses that satisfy the boundary conditions (10) and (11) are 
selected as 
 

𝑓(𝜂) = 1 − 𝑒>@ , 𝜃4(𝜂) = 𝑒>@ , 𝜃!(𝜂) = 𝜂𝑒>@ 	. 
 
The bvp4c algorithm iteratively refines this guess to satisfy both the ODEs system and the boundary 
conditions simultaneously [27]. The bvp4c solution procedure is illustrated in Figure 3 
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Fig. 3. Flowchart for bvp4c 

 
4. Results and Discussion 
 

The main objective of the present study is to examine the effects of MHD and FHD on the 
behaviour of a dual ferrofluid flowing over an inclined extending plate. The Prandtl number of Pr =
29.86 corresponds to the thermophysical properties of the base fluid consisting of 50% EG and 50% 
water (see Table 3). The dimensionless parameter 𝛼 = 1.0 represents the relative position of the 
magnetic dipole beneath the plate, chosen to be on the same order as the boundary layer thickness. 
The parameter 𝜖 = 2.0 denotes the temperature ratio between the surface temperature of the plate 
and the Curie temperature of the magnetic nanoparticles, applicable in the region far from the 
boundary layer. The dimensionless parameter 𝜒 = 0.01 accounts for viscous heat dissipation arising 
from fluid viscosity [26]. The range of investigated parameters are 1 ≤ 𝛽 ≤ 4 [19], 1 ≤ 𝑀 ≤ 4 [16] 
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and 0 ≤ 𝛼∗ ≤ A
!
 [21].  In this study, the FHD effect is examined by considering the parameter 𝛽with 

𝑀 = 0, whereas the MHD effect is examined by considering the parameter 𝑀 with 𝛽 = 0. 
 
4.1 Validation  
 

For validation, the present study is compared with an established case from the literature. Table 
4 provides the comparative values of 𝑁𝑢-𝑅𝑒-

>4/!for various Pr when 𝛽 = 𝑀 = 𝛼 = 𝜖 = 𝜒 = 𝜙4 =
𝜙! = 𝛼∗ = 0. The numerical results exhibit excellent agreement with the existing solutions reported 
by Chouhan and Chaudhary [19], as demonstrated in Table 4. This strong consistency verifies the 
accuracy of the present computations, allowing the numerical method to be confidently applied to 
analyse the remaining aspects of the problem. 
 

Table 4 
Results validation for 𝑁𝑢D𝑅𝑒D

E(/$ for parameters Pr  
Pr Chouhan and Chaudhary [19] Present study 

0.70 0.4540 0.4538 
2.00 0.9113 0.9112 
3.00 1.1653 1.1651 
7.00 1.8954 1.8953 
10.0 2.3080 2.3079 
20.0 3.3539 3.3539 
70.0 6.4622 6.4622 

 
4.2 Velocity and Temperature Profiles 
 

Figure 4 presents the effects of uniform and non-uniform magnetic fields on the velocity profile 
𝑓8(𝜂). The MHD effect is associated with a uniform magnetic field and is quantified by the parameter 
𝑀, whereas the FHD effect is associated with a non-uniform magnetic field and is quantified by the 
parameter 𝛽. From Figure 4, the blue dotted curve (𝑀 = 𝛽 = 0 ) describes the flow without the 
magnetic field effect. Therefore, yields the highest velocity values and the thickest boundary layer. 
In this condition, the motion of the fluid is controlled only by viscous forces without any additional 
magnetic field influence.  

In the presence of a uniform magnetic field, higher values of the magnetic parameter 𝑀 cause a 
noticeable decrease in the profile 𝑓8(𝜂), as the resulting Lorentz force acts against the fluid motion. 
This results in a more pronounced deceleration and a noticeably thinner boundary layer. In contrast, 
increasing the non-uniform magnetic parameter 𝛽 also reduces the profile of 𝑓8(𝜂), but the effect is 
comparatively weaker because the induced Kelvin force varies spatially and is less dominant than in 
the uniform case. Consequently, all magnetic field cases lie below the no-field case (𝑀 = 𝛽 = 0 ) 
profile, with the uniform magnetic field (MHD) producing the faster reduction of velocity, while the 
non-uniform magnetic field (FHD) yields a more moderate reduction.  

For solar collector plate applications, these results show that the magnetic fields can control the 
speed of the fluid moving over the heated plate, which may enhance heat absorption by allowing the 
fluid to stay longer near the surface. From Figure 4, it can be stated that the MHD effect has the 
potential to improve the efficiency of a solar collector plate by controlling fluid motion near the 
heated surface. 

The relationship between the magnetic fields effect and the temperature profile 𝜃4(𝜂) is 
illustrated in Figure 5. The results clearly show that the temperature of the dual ferrofluid increases 
when the magnetic fields parameters 𝑀 and 𝛽 increase from the baseline case 𝑀 = 𝛽 = 0. This 
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temperature rise is attributed to the reduction of fluid motion, as indicated by the deceleration of 
the velocity gradient 𝑓8(𝜂). When 𝑀 and 𝛽 are nonzero, the thinner momentum boundary leads to 
higher heat transfer from the plate to the fluid, which weakens convective cooling. Thus, the thermal 
boundary layer thickness increases from without magnetic fields to with magnetic fields. 

 Moreover, the increase in the profile 𝜃4(𝜂) is more pronounced under the influence of the MHD 
effect as the parameter 𝑀 increases. This demonstrates that the MHD effect causes greater energy 
dissipation compared to the FHD effect. Overall, the results show that a stronger MHD effect 
increases the temperature of the dual ferrofluid more effectively than the FHD effect. This is useful 
for solar collector plates because a higher fluid temperature helps the system absorb and store more 
heat. 

The influence of the inclined angle parameter 𝛼∗ for the profile of 𝑓8(𝜂) is displayed in Figure 6 
for both cases of non-uniform (𝛽 = 3) and uniform (𝑀 = 3) magnetic fields. Increasing the 
parameter 𝛼∗  from 0 to A

!
 leads to enhancing the profile of 𝑓8(𝜂). Physically, the component of the 

gravitational force along the surface increases as the parameter 𝛼∗rises, resulting in a larger pressure 
gradient along the surface.  

When 𝛼∗ = 0, the sheet is horizontal, and the buoyancy force in the dual ferrofluid is relatively 
weak. As 𝛼∗varies from 0 to A

!
, the sheet gradually becomes vertical, and the buoyancy force reaches 

its maximum. Consequently, the strength of buoyancy forces in the dual ferrofluid enhances natural 
convection proportionally to sin 𝛼∗. This leads to more vigorous fluid motion, allowing fluid particles 
to move more freely and increasing the thickness of the momentum boundary layer.  

Among the two magnetic configurations, the highest 𝑓8(𝜂) is observed under the non-uniform 
FHD effect (𝛽 = 3), indicating that non-uniform magnetic fields promote stronger fluid acceleration 
compared to the uniform MHD case (𝑀 = 3). This is because a non-uniform magnetic field creates 
spatial variations in magnetic force. These variations act like an additional driving force that pushes 
and accelerates the fluid more strongly. 

 
 Fig. 4. Influences of uniform (𝑀) and non-uniform (𝛽) magnetic fields on 𝑓8(𝜂) 
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Fig. 5. Influences of uniform (𝑀) and non-uniform (𝛽) magnetic fields on 𝜃4(𝜂) 

 

 
Fig. 6 Influences of the parameter 𝛼∗ for the cases of (𝛽 = 3) and (𝑀 = 3) on 𝑓F(𝜂) 
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Fig. 7. Influences of the parameter 𝛼∗ for the cases of (𝛽 = 3) and (𝑀 = 3) on 𝜃((𝜂)  

 
Figure 7 shows the behaviour of 𝜃4(𝜂) as the parameter 𝛼∗ is increased. It is observed that the 

distribution of 𝜃4 decreases when the sheet inclination changes from 𝛼∗ = 0 to 𝛼∗ = A
!
. The increase 

in the profile of 𝑓8(𝜂) enhances the tendency of the fluid to transfer heat via convection while 
reducing heat conduction between the fluid and the wall. As a result, the fluid temperature near the 
sheet decreases, and the thermal boundary layer becomes thinner.  

The reduction in 𝜃4is more pronounced for the case 𝛽 = 3 compared to 𝑀 = 3. This is because 
the uniform magnetic field case (𝑀 = 3 ) produces a thinner momentum boundary layer, which 
enhances heat transfer to the fluid from the plate. For a solar collector plate, these results show that 
increasing the inclination angle improves natural convection along the plate surface. This causes 
stronger fluid motion and better cooling of the plate. The non-uniform magnetic configuration with 
𝛽 = 3 increases this effect by producing greater fluid acceleration and heat removal. As a result, the 
plate reaches a lower surface temperature and achieves better thermal performance, which is 
important for efficient solar energy absorption and stable operation. 
 
4.3 Surface Shear Stress and Heat Transfer Rate 
 

The effect of parameters 𝛼∗ and 𝛽 on the characteristics of 𝐶3𝑅𝑒-
4/!

 is presented in Figure 8. It is 
demonstrated that an increase in the parameter 𝛼∗ diminishes the behaviour of 𝐶3𝑅𝑒-

4/!
 . This is 

because the buoyancy force reduces the frictional force between the fluid and the wall of the sheet, 
allowing the fluid to flow more freely under the dominance of the buoyancy force. As a result, the 
shear stress decreases. However, Figure 8 shows that the behaviour of 𝐶3𝑅𝑒-

4/! increases with the 
values of parameter 𝛽. This trend is attributed to the reduction in the velocity gradient profile 𝑓8(𝜂), 
which reflects greater resistance of the fluid to flow freely. The existence of the FHD effect has 
increased the surface shear stress.  

Figure 9 depicts the relationship between the parameter 𝛼∗ and the values of 𝑁𝑢-𝑅𝑒-
>4/!. It is 

perceived that an augment in the parameter 𝛼∗ increases the values of 𝑁𝑢-𝑅𝑒-
>4/!. This is attributed 
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to the enhancement of the convective heat transfer rate compared to the conductive heat transfer 
rate in the dual ferrofluid as the fluid flows faster. As a result, the values of 𝑁𝑢-𝑅𝑒-

>4/!
 increase with 

an increase in the parameter 𝛼∗. A reduction in the values of 𝑁𝑢-𝑅𝑒-
>4/! is observed with increasing 

values of the parameter 𝛽, indicating a decline in heat transfer efficiency under stronger FHD effect. 
This is due to the deceleration of 𝑓8(𝜂), resulting in more heat being transferred to the sheet through 
conduction rather than convection. As a result, the heat transfer coefficient rapidly reduces when 
the parameter 𝛽 increases. 

Figure 10 exhibits the effect of parameter 𝜆 on the values of 𝐶3𝑅𝑒-
4/!. It is observed that the 

values of 𝐶3𝑅𝑒-
4/! reduce as the parameter 𝜆 increases. This behaviour is attributed to the buoyancy 

force, which increases fluid motion and reduces wall shear stress. However, increasing the parameter 
𝑀 results in a rise in 𝐶3𝑅𝑒-

4/!. This occurs because the stronger magnetic fields reduce the velocity 
gradient 𝑓8(𝜂), leading to an increase in surface shear stress at the plate.  

The relationship between the parameter 𝜆 and the values of 𝑁𝑢-𝑅𝑒-
>4/! is displayed in Figure 

11. The values of 𝑁𝑢-𝑅𝑒-
>4/!

 increase with the rise in the parameter 𝜆, attributed to the increase in 
the profile of 𝑓8(𝜂). This indicates that convective heat transfer dominates over conductive heat 
transfer. However, the values of 𝑁𝑢-𝑅𝑒-

>4/!	decrease with increasing parameter 𝑀. This occurs 
because the magnetic fields reduce the profile 𝑓8(𝜂), which weakens convection and allows 
conduction to dominate. 

These results show that parameters that strengthen fluid motion, such as the parameters 𝛼∗and 
𝜆, improve convective heat transfer and help the dual ferrofluid absorb heat more efficiently from a 
solar collector plate. In contrast, MHD and FHD effects (𝑀 and 𝛽) slow the fluid, increase shear stress, 
and reduce heat transfer. Therefore, enhancing buoyancy-driven flow while controlling magnetic 
influence can improve the overall thermal performance of solar collector plates using dual ferrofluid. 

 
Fig. 8. Influences of the parameters 𝛼∗ and 𝛽 on 𝐶"𝑅𝑒D

(/$ 
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Fig. 9. Influences of the parameters 𝛼∗ and 𝛽 on 𝑁𝑢D𝑅𝑒D

E(/$ 
 

 
Fig. 10. Influences of the parameters 𝜆 and 𝑀 on 𝐶"𝑅𝑒D

(/$ 
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Fig. 11. Influences of the parameters 𝜆 and 𝑀 on 𝑁𝑢D𝑅𝑒D

E(/$ 
5. Conclusion 
 

In this study, the influence of both uniform and non-uniform magnetic fields on a dual ferrofluid 
comprising ferrite (𝐹𝑒#𝑂"), and cobalt ferrite (𝐶𝑜𝐹𝑒!𝑂") nanoparticles in an equal ethylene glycol-
water mixture over an inclined extending plate. The uniform and non-uniform magnetic fields are 
represented by the MHD and FHD effects, respectively. The governing model is formulated using 
partial differential equations (PDEs), which are then simplified through a similarity transformation to 
obtain a system of ordinary differential equations (ODEs). These equations are solved numerically 
using the bvp4c solver in MATLAB. The analysis focuses on the effects of the MHD effect 𝑀, FHD 
effect 𝛽, inclination angle	𝛼∗ and mixed convection parameter	𝜆 on the behaviour of the dual 
ferrofluid. Detailed results are presented for the velocity profile 𝑓8(𝜂) and temperature profile 𝜃4(𝜂), 
and the related physical quantities, namely the surface shear stress 𝐶3𝑅𝑒-

4/! and the heat transfer 
rate 𝑁𝑢-𝑅𝑒-

>4/!. The key findings are summarised as follows. 

i. The presence of magnetic fields causes a faster reduction in the profile of 𝑓8(𝜂) with the MHD 
parameter 𝑀 producing the strongest decelerating effect. 

ii. The temperature of the dual ferrofluid increases more noticeably when the MHD parameter 
𝑀 becomes larger compared to the FHD parameter 𝛽. 

iii. Increasing the inclination angle 𝛼* enhances the profile 𝑓8(𝜂) but an opposite trend occurs 
for the profile 𝜃4(𝜂). 

iv. The values of	𝐶3  Re-
4/! decreases as the parameters 𝛼*	and	 𝜆 increase. In contrast, the values 

of Nu-  Re-
>4/! increases with both parameters. 

v. When the magnetic parameters 𝑀	and 𝛽 increase, the values of	𝐶3  Re-
4/! also increases, while 

the values of Nu-  Re-
>4/! decreases. 

The results of this study highlight the importance of considering magnetic effects (uniform and 
non-uniform), inclination angle, and mixed convection when designing a solar collector plate that 
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uses dual ferrofluid for thermal enhancement. Each parameter plays a distinct role in controlling fluid 
motion, temperature distribution, and overall heat transfer performance.  

Future work may incorporate additional physical mechanisms, particularly thermal radiation [6] 
and velocity slip [15] effects, to further improve the accuracy of the model. Considering thermal 
radiation is important because solar collector plates operate at elevated temperatures, where 
radiative heat transfer becomes comparable to convection and significantly influences the overall 
thermal efficiency. Including radiation in the analysis would allow a more realistic prediction of heat 
losses from the absorber surface under strong solar exposure. In addition, accounting for velocity slip 
at the wall is relevant for dual ferrofluid used in practical solar thermal systems. The presence of 
nanoparticles and surface coatings on absorber plates can induce partial slip, which alters the near-
wall velocity, shear stress, and heat transfer characteristics. Incorporating slip effects into future 
models would therefore provide a more accurate representation of the actual flow behaviour inside 
solar collector plate.  
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