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Non-Newtonian Williamson fluid has become the topic of interest among researchers 
due to shear thinning properties that can represent real life applications. Hybrid 
ferrofluid are also considered because of its higher heat transfer rather than a single 
domain ferrofluid. This research aims to discover the flow of non-Newtonian 
Williamson hybrid ferrofluid along the stretching sheet. Partial differential equations 
(PDEs) are transformed into ordinary differential equations (ODEs) by using similarity 
transform variable. The transformed ODEs are solved numerically by using 
mathematical algorithm encoded in Maple software. The effect of velocity and 
temperature profiles are discussed for several parameters such as magnetic 
parameter, stretching parameter, non-Newtonian Williamson fluid parameter, Prandtl 
number and local Eckert number. It is discovered that the velocity profile increases as 
the value of magnetic and stretching parameter are increased. On the other hand, the 
temperature profile increases due to increasing magnetite and copper nanoparticles 
volume fraction, stretching parameter, non-Newtonian fluid parameter and Eckert 
number. 
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1. Introduction 
 

Ferrofluid is a type of fluid that is controlled by magnetic field. It is also known that ferrofluid is a 
stable colloidal suspension following an ultrafine single-domain nanoparticles  [1]. It consists of a few 
liquid carriers such as ethylene glycol, water, and oil. Besides, it also embraces of chemical agents 
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like lactic acid, oleic acid and magnetic nanoparticles like maghemite and magnetite [2,3]. Ferrofluid 
is also known as a single-domain liquid core with a colloidal interruption of a ferromagnetic element.  

Hybrid ferrofluid is the outcome of suspending chemical agents such as magnetite and cobalt 
ferrite. Hybrid ferrofluid is defined as the ferroparticles that subsist with two different ferrofluid such 
as 50% of water and 50% ethylene glycol. According to Saranya et al., [4], the merit of using hybrid 
ferrofluid rather than base fluid or any simple nanofluid is that hybrid ferrofluid has the highest skin 
friction and heat transfer on a surface. It diminishes the size of ferroparticles, thus allowing the 
ferromagnetism to change into superparamagnetism. Hybrid ferrofluid has been used widely for 
various industries up to this date. In the bio-medical industry, this fluid has been actively used in 
magnetic resonance and particle imaging. 

 Magnetohydrodynamic stagnation point flow has been studied and introduced as the heat 
transfer for various temperatures of plates. The history of the stagnation point flow on the stretching 
sheet started when Crane [5] analysed the flow on a stretching plate and use the Navier-Stoke’s 
equation to acquire the analytical solution. Then Gupta and Gupta [6] followed Crane's steps by 
adding the element of mass transferring effect to the study. The study of heat transfer mechanism 
has gained researchers interest due to numerous industrial applications such as plastic-molding, 
manufacturing of fiber-glass, and enhancement in paint [7]. Uddin et al., [8] also learned that 
stagnation point flow happened on various types of geometry. 

In this study, the non-Newtonian Williamson and ferrofluid have been taken into consideration. 
Blood has been considered as one of Williamson fluids. Williamson fluid which has a characteristic of 
shear thinning also known as pseudoplastic fluid. According to past research, blood is also classified 
as an electrically conductive liquid [9]. Since pseudoplastic fluid would not be following the Newton 
condition, it has been transcribed that the flow process of Williamson fluid will be inclined to follow 
the horizontal locus. Thus, the Runge-Kutta Fehlberg method has been used to solve the problem 
numerically [10]. 

There are many studies that have been conducted on hybrid ferrofluid to beneficiate the growth 
of engineering applications. Yahya et al., [11] studied the effect of thermal dissipation, heat source, 
and invariant magnetic field within the bulk engine oil containing Molybdenum disulphide (𝑀𝑜𝑆2) 
and Zinc oxide (𝑍𝑛𝑂) when the oil is poured over a stretching sheet. There is a significant increase 
in the effectiveness of thermal conductivity when it came to hybrid nanofluid. The nanostructure of 
the hybrid nanofluid allows them to be more heat generative than the mono nanofluid [12]. Neethu 
et al., [13] studied the radiation flow on an exponentially stretching sheet. Authors recorded that the 
incremented radiation escalated on exponentially stretching sheet and diminished on the surface of 
an exponentially shrinking sheet.  

There are many studies on Williamson fluid that relates with engineering and biological field. 
Hayat et al., [14] discovered that there is a difference between the stagnation flow of magneto 
Williamson on different thickness of the stretching sheets. The study of the homogeneous-
heterogeneous reaction on Williamson fluid over a stretchable sheet has been done by Hussain et 
al., [10]. The impact of bioconvection aspects such as nonlinear thermal radiation, sink effect, heat 
source, and chemical reaction in Williamson fluid over a stretching sheet has been discussed by Awan 
et al., [15]. Some of the medical features involved are chemical reactions, magnetic dipole, and 
activation energy. The impact of Williamson nanofluid over a wide range of the physical parameter, 
temperature, and also thermal relaxation also has been counted by Amjad et al., [16]. Ramzan et al., 
[17] studied the effect of medical features on the MHD flow of non-Newtonian Williamson Ferro-
nanofluid on a stretched sheet. Non-Newtonian fluid is known as a time-dependent fluid that affects 
the shear rate according to the stress given to the fluid [18]. It has been studied that the Brinkmann 
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ratio bring an effect on specific surface temperature and wall heat flux for non-Newtonian fluid heat 
and mass transpiration flow on a porous shrinking and stretching sheet [19]. 

Motivated by the above-mentioned studies, the numerical solution of Williamson hybrid 
ferrofluid over a stretching sheet is considered in this study. The governing equations of partial 
differential equations (PDEs) are reduced to ordinary differential equations (ODEs) by applying 
similarity transformation variables. Fetching the results from the transformation process, the ODEs 
will be managed in Maple software by using the Runge-Kutta Fehlberg method. 

  
2. Methodology  

 
The flow of Williamson fluid over a stretching sheet is considered as shown in Figure 1. Blood has 

been selected as their based fluid, while small amount of copper will be mixed with magnetite which 
considered as ferroparticles and served as the non-Newtonian Williamson hybrid ferrofluid.  

 

 
Fig. 1. Figure of flow configuration 

 
Three types of governing equation considered in this research are as the following [20]. 
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Eq. (1) until Eq. (3) are subjected towards the boundary conditions 
 

,    0,      at 0,

,      as 
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= = = =

→ → →                                (4) 

 
Considered 𝑢 and 𝑣 represent the velocity component along x  and y  axis respectively. T  

represents the temperature inside the boundary layer while  𝑇∞ represents the ambient 
temperature. 𝑈∞ and 𝑢𝑤 represent the free stream velocity and stretching velocity, respectively. 
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Accordingly, the density, hybrid ferrofluid kinematic viscosity, and dynamic viscosity denoted as 

, ,  and hnf hnf hnfv  , while  and ( )hnf p hnfk C  are denoted as the thermal conductivity of Williamson 

hybrid ferrofluid and the heat capacity of the hybrid ferrofluid. 
0  and B  are denoted as the uniform 

magnetic field strength and the electric conductivity. There are also other variables below that 

relating to the nanoparticles and the base fluid which denoted with 1, 2 and bf s s subsequently. Noted 

that 
1 2 and    represent the nanoparticles of 

3 4O  and Fe Cu correspondingly. 
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Since Eq. (1) to Eq. (3) are in a complex form of PDEs, the following similarity variables help to 

simplify the equation into a simpler form: 
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where  and    are denoted as non-dimensional variables while  as the function for the stream. 

The similarity variables for  and u v are as follows: 
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By using Eq. (6) and Eq. (7), the resulting ordinary differential equation (ODEs) are obtained as 
follows; 
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where the magnetic parameter is 
2

0 ( )
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= , the non-Newtonian Williamson fluid parameter is 
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3. Results  
 

Maple software is used to solve the acquired ODEs such as Eq. (8) to Eq. (10) including the 
transformed boundary conditions in Eq. (11) using the RKF45 method. Magnetic parameter, 
stretching parameter, non-Newtonian Williamson fluid parameter, Prandtl number, and local Eckert 
number are some of the variables considered as it is affecting the properties of heat transfer and 
fluid flow. Table 1 shows the thermophysical properties of blood, magnetite, and copper that will be 
used throughout the study. 

 
Table 1 
The thermophysical properties of blood, magnetite, and copper 
Physical Properties Blood Magnetite (𝐹𝑒3𝑂4), ∅1 Copper (Cu), ∅2 

𝜌 (𝑘𝑔/𝑚3) 1053 5180 8933 
𝐶𝑝(𝐽/𝑘𝑔 ∙ 𝐾) 3594 670 385 

𝑘(𝑊/𝑚 ∙ 𝐾) 0.492 9.7 400 

 

The numerical results for 
1

2Ref xC  attained in this research are initially reviewed by comparison 

with earlier published research by Rosli et al., [20] while considering different values of magnetic 
parameter, M and magnetite nanoparticle volume fraction, 

1 . According to the tabulated result in 

Table 2, it can be concluded that this research and the past research have come to a positive 
agreement. The results show indistinguishable values that support the validation of the current study 
via RKF45 method.  
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Table 2 

Comparison of numerical values for 
1

2Ref xC  with different values of 
1  and M , when 

2 0,  = = =  and Pr 6.2.=  

1  
Rosli et al., [20] Present result 

𝑀 = 1 𝑀 = 2 𝑀 = 5 𝑀 = 10 𝑀 = 1 𝑀 = 2 𝑀 = 5 𝑀 = 10 

0.01 1.638704 1.936603 2.636534 3.505861 1.638704 1.936603 2.636534 3.505861 

0.1 2.154733 2.546441 3.466780 4.609858 2.154733 2.546441 3.466780 4.609858 

0.2 2.841595 3.358167 4.571881 6.079338 2.841595 3.358167 4.571881 6.079338 

 
Figures 2 and 3 show the velocity and temperature profiles on different values of magnetite 

nanoparticles volume fraction, 
1  when 

2 0.06,  Pr 6.2,  1,  0.5,M = = = = 0.5, =  and 0.2Ec = . 

It can be concluded that both the velocity and thermal boundary layer thickness are increased as 
1   

increases.  
 

  
Fig. 2. Profile of velocity with different values of 
magnetite nanoparticles volume fraction  

Fig. 3. Profile of temperature with different values 
of magnetite nanoparticles volume fraction 

 
Figures 4 and 5 show the velocity and temperature profiles on different values of nanoparticles 

volume fraction, 
1  when 

2 0.06,  Pr 6.2,  1,  0.5, 0.5,M  = = = = =  and 0.2Ec = . As for the 

velocity profile, it can be concluded that the velocity boundary layer increases as the parameter value 
increase. While for the temperature profile, the thermal boundary layer increases following the 
increase in the values of parameter. 
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Fig. 4. Profile of velocity with different values of 
copper nanoparticles volume fraction 

Fig. 5. Profile of temperature with different values 
of copper nanoparticles volume fraction 

 
Figures 6 and 7 portray the reaction of magnetic characteristic by including various values of 

magnetic parameter, M  towards the profiles for velocity and temperature when 

1 20.1,  0.06,  Pr 6.2,  0.5,  0.5,   = = = = = and 0.2Ec = . It can be highlighted that the velocity 

profile increases following the increase value of parameter M. Since ferrofluid also known as a 
magnetic fluid, the increase in velocity profile shows the significant effect towards the. However, for 
the temperature profile, the increasing in magnetic parameter resulting towards the diminishing 
variation of temperature boundary layer. This happen because the nanoparticles in the fluid 
transform form hot into cold form by following the impact of thermophoresis which acts in the 
opposite direction as the temperature differential. 
 

  
Fig. 6. Profile of velocity with different values of 
magnetic parameter, M 

Fig. 7. Profile of temperature with different values 
of magnetic parameter, M 
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Figures 8 and 9 show the velocity profile and temperature profile following different values of 
stretching parameter,   when 

1 20.1,  0.06,  Pr 21,  M 0.5,  0.1,  and 0.2Ec  = = = = = = . 

Following the velocity profile, it is discovered that the free stream velocity, bx is greater than the 
values of stretching velocity of the fluid when the stretching parameter, 1  . According to Rosli et 
al., [20], the boundary layer flow becomes transposed and the solidness of the velocity boundary 
layer decreases when 1  . On the other hand, the temperature boundary layer thickness increases 
resulting towards temperature boundary layer decrease in amount as the values of stretching 
parameter rises. 
 

  
Fig. 8. Profile of velocity with different values of 
stretching parameter,   

Fig. 9. Profile of temperature with different values 
of stretching parameter,   

 
Figures 10 and 11 illustrate the velocity and temperature profile working on different values of 

non-Newtonian fluid parameter,   when 
1 20.1,  0.06,  Pr 21, = = =

M 0.5,  0.1,  and 0.2Ec= = = . It has been discovered that the velocity boundary layer thickness 

increases as the amount of non-Newtonian fluid parameter escalates. This results from the 
representation of ratio of relaxation towards the time of retardation. As the value of non-Newtonian 
fluid parameter arise, the time of retardation become diminished as presented in the velocity profile. 
Meanwhile, the small increment in the temperature boundary layer thickness is observed as the 
value of non-Newtonian fluid parameter increases. It shows that as the value of parameter increases, 
it affects the value of ratio of relaxation towards the time of retardation parallelly and resulting in 
the increases of the temperature boundary layer flow of the fluid. 
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Fig. 10. Profile of velocity with different values of 
non-Newtonian fluid parameter,   

Fig. 11. Profile of temperature with different 
values of non-Newtonian fluid parameter,   

 
4. Conclusions 

 

It has been verified that the numerical result of 
1

2Ref xC   achieves a positive agreement with 

earlier published research by Rosli et al., [20]. For velocity and temperature profile, it has been 
analysed that there is an increase in magnetite and copper nanoparticles volume fraction for 
temperature profiles and decreases for velocity profile, respectively. Furthermore, the respective 
velocity and temperature profile are decreased and increased for non-Newtonian fluid parameter. 
The temperature profiles of Prandtl number and Eckert number are decreased and increased, 
respectively whereas the velocity profile exhibits no significant changes due to decoupled boundary 
layer equation. 
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