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cleavage of DNA by performing spectral bipartition on DNA sequences in a DNA splicing
system. This research incorporates Fiedler theory and algebraic graph theory, which are
commonly utilized in network analysis and the analysis of graph connectivity. Some DNA
sequences of even length are selected and expressed in graphical representations. The
adjacency matrix, Laplacian matrix, and degree matrix are computed from the graphs,

Keywords: as well as the Fiedler value and Fiedler vector associated with the graphs. Gap cut is
DNA; graph partitioning; spectral used as a method of spectral bipartition which produces two partitions of DNA
bipartition; Fiedler theory; algebraic sequence of unequal lengths. The generalizations of gap cut on DNA sequences of even
graph theory length are provided as lemmas and theorem.

1. Introduction

Deoxyribonucleic acid (DNA) is a molecule that carries the genetic instructions for the
development and function of all living organisms. The DNA molecule is a double helix, composed of
two complementary strands of nucleotides that run in opposite directions. Each nucleotide is
composed of a sugar (deoxyribose), a phosphate group, and one of the four nitrogenous bases:
adenine (A), thymine (T), guanine (G), and cytosine (C). The sequence of these bases along the DNA
strand encodes the geneticinformation [1]. In addition, DNA splicing system has its long history which
includes information on the molecular mechanisms of splicing and the role of splicing in DNA
sequences. Knowledge on DNA splicing has evolved over the years, as well as the techniques used to
analyze DNA splicing such as high-throughput sequencing methods and computational techniques
for identifying splice sites and predicting spliced transcripts. In recent studies, Ruslim et al., [2,3]
provided deep insight into the application of graph in DNA splicing system. Moreover, Ahmad et al.,
[4] studied the characteristics of varieties of splicing systems and established their relations with
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second order limit languages. Graph partitioning and DNA splicing are two distinct areas of research,
but they can be connected in the context of the structure and organization of biological networks,
such as in the molecular network that is formed by the interactions between DNA, Ribonucleic acid
(RNA), and proteins in a cell. In the application of graph partitioning in biological field, Gatti et al., [5]
introduced graph bisection and partitioning on graph neural networks. Besides that, Kim et al., [6]
explored the modularity of RNA structures with tree graph representations by applying graph
partitioning to divide an RNA graph into subgraphs. Since there are not many studies on the
applications of graph theory and graph partitioning in the field of DNA splicing network, this research
has been conducted to explore the application of spectral graph partitioning in the field of DNA
splicing systems.

In mathematics, graph theory is a discipline that deals with the study of graphs and their
properties. A graph is a mathematical structure that consists of a set of vertices and a set of edges
that connect these vertices. The vertices represent objects whereas the edges represent the
relationships between the objects [7]. There are many different types of graphs, including simple
graphs, directed graphs, weighted graphs and more. Graph theory has been extensively studied and
it has applications in a wide range of areas such as material science [8], thermal engineering [9,10]
and fluid mechanics [11,12]. On the other hand, graph partitioning is a process of dividing a graph
into several smaller subgraphs, or clusters, such that the nodes with each cluster are more strongly
connected to each other than they are to nodes in other clusters [13]. The goal of graph partitioning
is to find meaningful groupings of nodes in the graph that have some relationship or similarity.

This research aims to simulate the cleavage of DNA by performing spectral graph partitioning on
DNA sequences, which is inspired by Clustered Regularly Interspaced Short Palindromic Repeats
(CRISPR) gene editing technology aiming to edit genes by precisely cutting DNA [14], harness natural
DNA repair processes and to modify the gene in the desired manner. We introduce a novel
perspective by incorporating Fiedler theory and algebraic graph theory in DNA splicing system, which
potentially yields insights and solutions not achievable through traditional methods, thereby
fostering advancements in biotechnology. The objectives of this research are to represent DNA
sequences in graphical form and to obtain graph partitions of DNA sequences using spectral
bipartition.

In the next section, the method of expressing the DNA sequence in graphical representation is
introduced, followed by an overview of spectral graph theory which includes adjacency matrix,
degree matrix, Laplacian matrix, and Fiedler theory. Moreover, spectral graph partitioning is also
presented in the methodology section. Then, the results of spectral bipartition on DNA sequences of
length 12, 14 and 16 and the generalizations of spectral bipartition on DNA sequence with even-
numbered length are presented in the results and discussions section. The last section of this paper
concludes and highlights the findings in this research.

2. Methodology

This methodology section starts with introduction on the methods of expressing a DNA sequence
in graphical representations. Additionally, the spectral graph theory is presented and followed by the
spectral graph partitioning.

2.1 Graphical Representation of DNA Sequence

Here, random DNA sequences of length 12, 14 and 16 are first expressed in simple undirected
graph as graphical representation, respectively. A method of forming vertices of a graph from DNA
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sequences is introduced in this phase. Two adjacent elements from the original string form a vertex
of the graph. Then, the vertices are connected in the form of a unit distance path graph. The
intentions to construct such a graph structure are to represent the sequential order of elements from
the original string and to capture the neighbourhood relationships of the elements that form the
vertices of the graph. A unit distance path graph P is a simple graph with |Vp| = |Ep| + 1, where |V;|
is the number of vertices in P and |Ep| is the number of edges in P, such that all of its vertices and
edges can be connected by a single straight line [15], with any edge connecting two vertices having
the Euclidean distance of one [16].

For example, given a string ABCDEF, the vertices are formed by adjacent elements from the string,
which are [AB], [BC], [CD], [DE], [EF]. In order to identify the vertex and the order of the elements in
the original string, the square bracket is used for each pair of adjacent elements. The unit distance
path graph is expressed in Figure 1.

(o) (et —(icot)—({pel)—(en)

Fig. 1. Unit distance path graph of the string ABCDEF

Moreover, if there is any repeated pair of elements in the string, then the vertices are labelled
with subscripts to distinguish the order of the elements in the string. For example, for the string
ABCDAB, the vertices are formulated in the form of [AB]1, [BC]1, [CD]1, [DA]1, [AB]>. Since the vertex
[AB] occurred twice, then the first vertex [AB] is labelled as [AB]1 whereas the second vertex [AB]; is
labelled as [AB],. The unit distance path graph of the string ABCDAB is presented in Figure 2.

Fig. 2. Unit distance path graph of the string ABCDAB
2.2 Spectral Graph Theory

Spectral graph theory is the study of spectrum of various matrix representations of a given graph,
such as the adjacency matrix, Laplacian matrix, and other related matrices [17]. The spectrum of a
matrix is the set of all its eigenvalues. An eigenvalue is a scalar that satisfies a certain equation,
involving the matrix and a corresponding eigenvector [18]. Besides that, adjacency matrix, degree
matrix and Laplacian matrix are the key components for spectral graph theory.
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2.2.1 Adjacency matrix

According to Spielman and Teng [19], consider an undirected graph G of n nodes with vertex set,
V=A{V,V,,...,V,}. Foralli,j =1, 2,3, ...,n, the adjacency matrix of the graph is denoted by A(G),
ann X n matrix with n real eigenvalues, where the entries of A(G), A;; are given by Eq. (1):

L, if V, is adjacent to V;,
: (1

0; otherwise.
2.2.2 Degree matrix

Let d; be the degree of the vertex V;, the degree matrix of the graph is denoted by D (G), where
the entries of D(G), D;; are given by Eq. (2):

{di; ifi=],
D; = (2)

0; otherwise.

2.2.3 Laplacian matrix

By denoting L(G) to be the Laplacian matrix of the graph, the entries of L(G), L;; are given by
Eq. (3):

d}.: iri=j,
L=+ —1; if V, isadjacent to V', (3)
¥ b g

0 otherwise.

Furthermore, L(G) is an n X n matrix with n real eigenvalues, which can be expressed in the
form:

L(G)=D(G) - A(G). (4)
2.2.4 Fiedler theory

Fiedler theory, which includes Fiedler value and Fiedler vector plays a crucial role in this research.
Named after Miroslav Fiedler, Fiedler value is defined as the second smallest eigenvalue of the
Laplacian matrix of a graph, whereas the eigenvector associated to the Fiedler value is known as
Fiedler vector [20]. The entries of Fiedler vector are sorted in ascending order, and the graph can be
partitioned by choosing a splitting value that separates the two parts. In addition, if two connected
subgraphs with same size can be produced by spectral graph partitioning at the median of the Fiedler
vector, then the entries of Fiedler vector must have balanced sign patterns [21].

Letu = {uq, uy, us, ..., un)T be the Fiedler vector of L(G), where u; denotes the entries of Fiedler
vector for i = 1,2, ....,n. The choices of splitting value, s, plays an important role in spectral
partitioning such that two partitions are produced, one partition with u; > s and another with u; <
s, wherei =1, 2,3, ...,n. Such spitting is called a Fiedler cut. According to Spielman and Teng [19],
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there are some popular choices for the Fiedler cut, such as bisection cut, ratio cut, gap cut, and sign
cut.

2.3 Spectral Graph Partitioning

According to Shewchuk [22], spectral graph partitioning is a technique used in graph theory to
divide a graph into several smaller subgraphs, or clusters. Spectral graph partitioning is based on the
eigenvectors and eigenvalues of the Laplacian matrix of the graph and the idea behind it is to map
the graph to a lower-dimensional space, such as a space of eigenvectors in order to find clusters in
that space. In spectral graph partitioning, the eigenvectors of the Laplacian matrix of the graph are
used to construct a mapping from the nodes of the graph to a lower-dimensional space. This research
only includes spectral graph partitioning producing two partitions of DNA sequence, which is also
known as spectral bipartition.

The procedures of spectral bipartition begin with the formulation of adjacency matrix and
Laplacian matrix of each graph, followed by computing the eigenvalues and eigenvectors of the
Laplacian matrix in order to identify the Fiedler value and Fiedler vector. Then, the partitions of the
graph are obtained by choosing the splitting value corresponding to the gap cut to bipartition the
Fiedler vector. Lastly, the partitioned vectors are mapped back to the vertices of the graph of DNA
sequence, then the vertices split into their respective elements producing two partitions of DNA
sequence.

In this research, gap cut is used in spectral bipartition, where the splitting value s is the largest
gap of the sorted entries of Fiedler vector. Here, the gaps between each adjacent entry are computed
by the absolute difference between the adjacent entries:

Gi = |ui+l_ui P (5)
where u; are the entries of the Fiedler vector and G; is the gap value, fori =1,2,...,n — 1.
3. Results

In this research, random DNA sequences of length 12, 14 and 16 are selected, namely
GTACCGCGTACA (length 12), AGTCGTACCGTACG (length 14) and CTAGGTACATGACCGT (length 16).
The results based on these three DNA sequences are sufficient to observe some patterns in terms of
Fielder vector and the length of the partitions. The results of graphical representations and graph
partitions of spectral bipartition via gap cut are presented in this section.

3.1 Results of DNA Sequence GTACCGCGTACA

The DNA sequence of length 12, GTACCGCGTACA, is first expressed in a unit distance path graph,
where the graphical representation of GTACCGCGTACA is shown in Figure 3.
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Fig. 3. Unit distance path graph of DNA sequence GTACCGCGTACA

The graph in Figure 3 is denoted as G, and its adjacency matrix, A(G,), degree matrix, D(G,), and

Laplacian matrix, L(G,) are computed and presented in the following:
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Then, the eigenvalues and eigenvectors of L(G;) are computed and tabulated in Table 1.

Table 1
Sets of eigenvalues and eigenvectors of L(G;)

i Eigenvalue, Eigenvector, v;

A

1 0 1111111111 D7

2 0.0810 (-1 -0.9190 —0.7635 —0.5462 —0.2846 0 0.2846 0.5462 0.7635 0.9190 1)7

3 0.6903 (-1 03091 0.5944 1.0822 0.8308 0 —0.8308 —1.0882 —0.5944 0.3097 1)7

4 17154 (-1 07154 1.2036 —0.3728 —1.3097 0 13097 0.3728 —1.2036 —0.7154 1)7

5 2.8308 (-1 18308 —0.5211 -1.3979 1.6825 0 -1.6825 1.3979 0.5211 -1.8308 1)7

6 0.3175 (1 06825 0.1483 —0.4330 —0.8768 —1.0422 —0.8768 —0.4330 0.1483 0.6825 1)7
7  3.6825 (-1 2.6825 —3.5133 3.2287 —19190 0 19190 -3.2287 3.5133 —2.6825 1)7

8  1.1692 (1 -0.1682 —1.1406 —0.7784 0.4938 1.1887 0.4938 —0.7784 —1.1406 —0.1692 1)T
9 22846 (1 —-1.2846 —0.6344 1.4652 02173 —-15270 02173 1.4652 —0.6344 —1.2846 1)7
10 3.3097 (1 -23097 2.0251 —0.3426 —1.5764 24072 -1.5764 —0.3426 2.0251 —-2.3091 1)7
11 3.9190 (1 -29190 4.6015 -59112 6.7420 —7.0267 6.7420 —59112 4.6015 —2.9190 1)

The second smallest eigenvalue of L(G,) is identified as the Fiedler value, which is 0.0810.
Furthermore, the eigenvector corresponding to the Fiedler value is identified as the Fiedler vector,
which (-1 —-0.9190 -0.7635 —0.5462 —0.2846 0 0.2846 0.5462 0.7635 0.9190 1)T.
Then, the vertices of G; can be labelled according to the entries of the Fiedler vector, as shown in
Figure 4.

| 0.9190 (),7635 0.5462 ~().2846 0

N o __\\.._ / N \, ™~ / \
{ \ / \ ( - \ f e \ /‘ ~g-s \ { e \
L 16T — [TA) — 1aC) — 1cC)y — €6l — 16C], |
\ . /,/" \ i / Ne__ / \'\__‘_: / \ e / \_
/ \ P S " ST =5 R
£ \ o\ [ \ GO £
[ 1CAl — 1AC): }— ITAL — IGT]: }— €G], |
\. / / \ / / /

1 0.9190 0.7635 0.5462 0.2846
Fig. 4. Unit distance path graph of DNA sequence GTACCGCGTACA with labels
For gap cut, the gaps between each adjacent entry of Fiedler vector are computed, where the

computations corrected up to four decimal places, as shown in Table 2, with u; ., and u; are adjacent
entries of Fiedler vector whereas G; is the gap valuefori =1, 2,3, ..., 10.
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Table 2
Computation of gap values between adjacent entries of Fiedler vector of G,
i Uity u; Gi = w1 —
1 —0.9190 -1 0.0810
2 —0.7635 —0.9190 0.1555
3 —0.5462 —0.7635 0.2173
4 —0.2846 —0.5462 0.2616
5 0 —0.2846 0.2846
6 0.2846 0 0.2846
7 0.5462 0.2846 0.2616
8 0.7635 0.5462 0.2173
9 0.9190 0.7635 0.1555
10 1 0.9190 0.0810

From Table 1, the largest gap is 0.2846, therefore the splitting value for gap cutis 0.2846. Hence,
the vertex [CG]; is the splitting vertex such that the DNA sequence GTACCGCGTACA is bipartitioned,
producing two partitions namely GTACCGC and GTACA, which are of length seven and length five
respectively.

3.2 Results of DNA Sequence AGTCGTACCGTACG

The DNA sequence of length 14, AGTCGTACCGTACG, is first expressed in a unit distance path
graph, where the graphical representation of AGTCGTACCGTACG is shown in Figure 5.

Fig. 5. Unit distance path graph of DNA sequence AGTCGTACCGTACG

By denoting the graph in Figure 5 as G, its adjacency matrix, A(G,), degree matrix, D(G,), and
Laplacian matrix, L(G,) are computed and presented in the following:
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Additionally, the eigenvalues and eigenvectors of L(G,) are computed and tabulated in Table 3.
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Table 3

Sets of eigenvalues and eigenvectors of L(G,)

i Eigenvalue, Eigenvector, v;

A

1 0 1111111111117

2 02291 (1 0.7709 0.3652 —0.1241 —0.5851 —0.9120 —1.0300 —0.9120 —0.5851 —0.1241
0.3652 0.7709 1)T

3 0.8639 (1 0.1361 —0.8453 —1.0965 —0.4005 0.6416 1.1294 0.6416 —0.4005 —1.0965
0.8453 0.1361 1)T

4 1.7589 (1 —0.7589 —1.1830 0.4737 1.2972 —0.1610 —1.3360 0.1610 1.2972 0.4737
-1.1830 -0.7589 1)T

5 27092 (1 —1.7092 0.2122 1.5587 —1.3177 —0.6242 1.7604 —0.6242 —1.3177 1.5587
02122 -1.7092 1T

6  3.4970 (1 —2.4970 2.7381 —1.6020 —0.3399 2.1108 —2.8200 2.1108 —0.3399 —1.6020
2.7381 —2.4970 1T

7 3.9419 (1 —2.9419 4.7128 —6.2098 7.3459 —8.0552 8.2962 —8.0552 7.3459 —6.2098
47128 —-29419 1T

8 0.0581 (—=1 0.9419 —0.8290 —0.6680 —0.4681 —0.2411 0 0.2411 0.4681 0.6680
0.8290 09419 1T

9 05030 (=1 —0.4970 0.2559 0.8802 1.0617 0.7092 0 —0.7092 —1.0617 —0.8802
—0.2559 0.4970 1T

10 1.2908 (—1 0.2908 1.2062 0.5647 —0.8058 —1.1361 0 1.1361 0.8058 —0.5647
—-1.2062 —0.2908 1T

11 2.2411 (=1 —1.2411 0.7008 —1.4100 —0.3609 1.4970 0 —1.4970 0.3609 1.4100
-0.7008 —-1.2411 1T

12 3.1361 (-1 2.1361 —1.4269 —0.5150 2.0120 —1.7710 0 1.7710 —2.0120 0.5150
14269 -2.1361 1T

13 3.7709 (=1 2.7709 —3.9070 4.1481 —3.4389 1.9419 0 —1.9419 3.4389 —4.1481

3.9070 —2.7709 1T

The second smallest eigenvalue of L(G,) is identified as the Fiedler value, which is 0.0581.
Moreover, the eigenvector corresponding to the Fiedler value is identified as Fiedler vector which is,
(=1 —0.9419 —0.8290 —0.6680 —0.4681 —0.2411 0 0.2411 0.4681 0.6680 0.8290 0.9419 1)T.
Then, the vertices of G, can be labelled according to the entries of the Fiedler vector, as shown in
Figure 6.

-1 ~0.9419 -().8290 —).6680 ~).4681 ~(0.2411
TS TG P TN N PEION
/ . '/ . \ |'( . \ f e .\| "“ oy \ / ' \
( [AG], } { 1GT], } { |TC], | { [CG]y } { |GT]2 } { [TA]y )
\. /" l.\ ,"' I"\. J“ \ / 4 l\\ ./ d .\\ .‘"‘
N s ~_ N Nz = ol M N
0.9419
7 £ X 7o _\ N ,-\\
| [ACL2 f— [TA]2 )——{ IGT]y — [CGl2 — [CCl — [AC], |

[ 01,8290 0.6680 0.4681 0.2411 0

/ - b \
[ 1cG)s )
"\ /

N

Fig. 6. Unit distance path graph of DNA sequence AGTCGTACCGTACG
with labels
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For gap cut, the gaps between each adjacent entry of Fiedler vector are computed, where the
computations corrected up to four decimal places and tabulated in Table 4, with u;,; and u; are
adjacent entries of Fiedler vector whereas G; is the gap value fori = 1,2,3, ...,12.

Table 4

Computation of gap values between adjacent entries of Fiedler vector of G,
L Uisq u; G = |ujpg — Y
1 —-0.9419 -1 0.0581
2 —0.8290 —0.9419 0.1129
3 —0.6680 —0.8290 0.1610
4 —0.4681 —0.6680 0.1999
5 —-0.2411 —0.4681 0.2270
6 0 —0.2411 0.2411
7 0.2411 0 0.2411
8 0.4681 0.2411 0.2270
9 0.6680 0.4681 0.1999
10 0.8290 0.6680 0.1610
11 0.9419 0.8290 0.1129
12 1 0.9419 0.0581

From Table 2, it is clear that the largest gap is 0.2411, therefore the splitting value for gap cut is
0.2411. Consequently, the vertex [CC]; is the splitting vertex such that the DNA sequence
AGTCGTACCGTACG is bipartitioned, producing two partitions namely AGTCGTAC and CGTACG, which
are of length eight and length six respectively.

3.3 Results of DNA Sequence CTAGGTACATCACCGT

The DNA sequence of length 16, CTAGGTACATCACCGT, is expressed in a unit distance path graph,
where the graphical representation of CTAGGTACATCACCGT is shown in Figure 7.

Fig. 7. Unit distance path graph of DNA sequence CTAGGTACATCACCGT

The graph in Figure 7 is denoted as G and its adjacency matrix, A(G3), degree matrix, D(G3),
and Laplacian matrix, L(G3) are computed and presented in the following:
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Then, the eigenvalues and eigenvectors of L(G3) are computed and tabulated in Table 5.

Table 5

Sets of eigenvalues and eigenvectors of L(G3)

i Eigenvalue, Eigenvector, v;

A;

1 0 1111111111111 1 D

2 1 (<t 0110-1-10110 -1 -10 D

3 3 1@ 211 -211-211-211 -2 1

4 26180 (-1 16180 0 -16180 1 1 -1.6180 0 1.6180 -1
-1 16180 0 -1.6180 1T

5 13820 (1 -0.3820 —-1.2361 —-0.3820 1 1 -0.3820 -—1.2361 -0.3820 1
1 -03820 -1.2361 -0.3820 1)T

6 3.6180 (1 -2.6180 3.2361 —-2.6180 1 1 -—-2.6180 3.2361 -2.6180 1
1 -2.6180 3.2361 -2.6180 1)7

7 03820 (-1 -06180 0 06180 1 -1 —-0.6180 0 0.6180 1
-1 -0.6180 0 06180 1T

8 0.1729 (1 0.8271 0.5112 0.1069 —0.3159 —0.6841 —0.9340 —1.0223 —0.9340 —0.6841
—-0.3159 0.1069 0.5112 0.8271 1T

9 0.6617 (1 0.3383 —0.5473 —1.0707 —0.8856 —0.1144 0.7325 1.0946 0.7325 —0.1144
—-0.8856 —1.0707 —0.5473 0.3383 1)T

10 2.2091 (1 —1.2091 —0.7472 1.3653 0.4618 —1.4618 —0.1562 1.4945 —0.1562 —1.4618
0.4618 1.3653 —0.7472 —1.2091 17

11 3.9563 (1 —2.9563 4.7833 —6.4014 7.7397 —8.7397 9.3577 —9.5668 9.3577 —8.7397
7.7397 —6.4014 4.7833 —-2.9563 1)T

12 0.0437 (-1 —0.9563 —0.8708 —0.7472 —0.5910 —0.4090 —0.2091 0 0.2091 0.4090
0.5910 0.7472 0.8708 0.9563 1)7

13 1.7909 (-1 0.7909 1.1654 —0.5473 —1.2798 0.2798 1.3383 0 —1.3383 —0.2798
1.2798 0.5473 -1.1654 —0.7909 1)T

14 3.3383 (—1 —2.3383 —2.1292 0.5112 1.4451 —2.4451 1.8271 0 —1.8271 2.4451
—1.4451 —-05112 2.1292 -2.3383 1T

15 3.8271 (-1 2.8271 —4.1654 4.7834 —4.5743 3.5743 —1.9563 0 1.9563 —3.5743

45743 —4.7834 4.1654 —2.8271 1)"

The second smallest eigenvalue of L(G3) is identified as the Fiedler value, which is 0.0437. The
eigenvector corresponding to the Fiedler value is identified as the Fiedler vector, which is
(-1 —0.9563 —0.8708 —0.7472 —0.5910 —0.4090 —0.2091 0 0.2091 0.4090 0.5910 0.7472 0.8708
0.9563 1)T.Then, the vertices of G5 can be labelled according to the entries of the Fiedler vector, as

shown in Figure 8.

-1 -0.9563 0.8708 ~(,7472 0.5910 0. 40%0)
.'-‘ % ."'. —-‘-. / ST N / s, \ i -.,' .‘/. T \
[ 1€T] }—{ ITA]s }— [AG]) }—{ IGG]| }—{ IGT]y }—{ ITA]:
0.7472 I
| IAC]2 }— 1GAl }— ITGly }— |AT] }— ICAL — [AC), |

0.5910 0. 4090 02001 4] 0.2091

/ .’7. ‘-\\. / \ / N\
| 1CCTy J— [CG] — 1GT]; |
. J . S
0.8708 0.9563 I

Fig. 8. Unit distance path graph of DNA sequence
CTAGGTACATCACCGT with labels
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For gap cut, the gaps between each adjacent entries of Fiedler vector are computed with the
computations corrected up to four decimal places, as shown in Table 6, with u; ., and u; are adjacent
entries of Fiedler vector whereas G; is the gap valuefori =1, 2,3, ..., 14.

Table 6

Computation of gap values between adjacent entries of Fiedler vector of G;
i Ujyq u; G = |ujpg — U
1 —0.9663 -1 0.0437

2 —0.8708 —0.9663 0.0855

3 —0.7472 —0.8708 0.1236

4 —0.5910 —0.7472 0.1562

5 —0.4090 —0.5910 0.1820

6 —0.2091 —0.4090 0.1999

7 0 —0.2091 0.2091

8 0.2091 0 0.2091

9 0.4090 0.2091 0.1999

10 0.5910 0.4090 0.1820

11 0.7472 0.5910 0.1562

12 0.8708 0.7472 0.1236

13 0.9563 0.8708 0.0855

14 1 0.9563 0.0437

Based on Table 6, the largest gap is 0.2091, which implies that the splitting value for gap cut is
0.2091. Thus, the vertex [AT]1 is the splitting vertex such that the DNA sequence
CTAGGTACATCACCGT is bipartitioned, producing two partitions namely CTAGGTACA and TGACCGT,
which are of length nine and length seven respectively.

3.4 Generalization of Spectral Bipartition via Gap Cut on DNA Sequences with Even Length

After performing spectral bipartition via gap cut on DNA sequences of length 12, 14 and 16, some
observations can be made based on the patterns of the results in order to generalize spectral
bipartition via gap cut on DNA sequences with even-numbered length.

The Fiedler vector based on the graphs G4, G, and G5 have the form such that the median of the
entries of Fiedler vector is zero and the entries on the left hand side of the median are of opposite
signs with the entries on the right hand side of the median. This leads to Lemma 1 on the properties
of the entries of Fiedler vector.

Lemma 1. The Fiedler vector vy of a unit distance path graph G with 2n — 1 vertices withn € N,
has the form of (—Uzp—1 —Uzn-2 -« —Upyr 0 Upyq oo Uy uzn—1)T, such that uy, 4 >
Ugp—z > *** > Upgp > Upyr > 0, where u; are the entries of the vy fori=n+ 1,n+2,....2n — 1.

Proof. Firstly, the Fiedler vector is the eigenvector corresponding with the Fiedler value, where the
entries of the Fiedler vector, u; withi = 1,2, ..., 2n — 1, are associated with the vertices of the graph.
Consider that vy = (W Uz . Up1 Uy Upyr - Uzp—1)T, such that uy <uy < <
Usn—1, is the Fiedler vector of the unit distance path graph G with 2n — 1 vertices, where the vertices
are givenas V = {V;,V,, ..., Vo,_1}. The unit distance path graph G is shown in Figure 9.
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iy Up—| Uy Upy) Uzp-2 Uzp—|

Fig. 9. Unit distance path graph of G labelled with the entries of v

The path graph of G is symmetrical at the vertex V,, since the graphical structures on the left-hand
side and the right-hand side of I},are identical. Thus, the median of the entries of v¢, which is u;, must
be equal to zero. Since two connected subgraphs with the same size can be produced by spectral
graph partitioning at I/, the entries of v must have balanced sign patterns. It follows that the entries
from u, to u,_, are negative and the entries from u,,,, to u,,_; are positive since the entries of v¢
are sorted in ascending order. Moreover, with identical graphical structure of both sides of V,, it can

be deduced that u,,_; = —u,4, since V,,_; corresponds to V,,, 1. Similarly, u,,_, = —u,;, since V,_,
corresponds toV,,,. With the same reasoning, it follows that w, ;= —u,;3,U,_4 =
—Up gy ey Uy = —Uzp_p, Uy = —Uzp_1. Hence, vy has the form:

— T
v = (Un-1 —Uan—z2 o “Ung1 0 Upig oo Uzpop Uzp—1),

and the proof is completed.

One of the observations made from the computation of gap values in DNA sequence of length
12, 14 and 16 is that the median of the entries and its neighboring entries have the largest gap value.
Consequently, Lemma 2 on the largest gap of the adjacent entries of vy is presented.

Lemma 2. For vp = (“Uzn-1 —Uzp-2 = —Uppr 0 Uppr o Uz Uzn—1)Tsuch that
Upp_q > Upp_p > > Upsp > Upyq > 0, wheren € N where u; are the entries of the Fiedler vector
fori=n+1,n+2,..,2n — 1, the largest gap of the adjacent entries is u, ;1.

Proof. The gap value between adjacent entries of vy is computed by using the absolute difference
equation, G; = |u;4q — u;|,where u; are the entries of vy and G; is the gap value, for i =
1,2,3,...,2n — 1. Computing the gap value of u,,_, and u,,_, yields the following inequalities:

[Upp—1 — Uzn—2l [Uzn—2 — Uzp-1l

< |ugp—z — Uzpn-3l
< |ugp-—3 — Uzp-4l
< |upz — Ul

< |un+1 - OI-

Hence,[uzn_1 — Uzn—2| < |Uzn_z —Usp_3l < <|upyz — Upsal < lupyr — 0l =upyqy,  and
the largest gap is u,,4 1. The proof is then completed.

It is important to note that the gap value of the entries —u,,; and 0 is the same with the gap
value of the entries 0 and w44 since |uy4q — 0] = |0 — (—uUp41)| = Up4q. Next, the largest gap of
the adjacent entries which equals to u,,, 1, is selected as the splitting value of gap cut, which leads to
Theorem 1.
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Theorem 1. For DNA sequence b;b,b; ...by,,_1b,, with even length, where n € N, gap cut on
bibybs ... by, _1 by, produces two partitions of length n + 1 and length n — 1 respectively.

Proof. With arbitrary DNA sequence bib,b;...b,,_1b,, of even length, the vertices of
bybybs ... byp_1byy areinthe form of [by by ], [bybs], [b3bs), ..., [Dan—2b2n]. Clearly, graph G has 2n —
1 vertices. Next, denote the vertexsetof G,V = {V;,V,, ..., Vop_1 }in the form V. = [byby,1] fork =
1,2,3,...,2n—1. From Lemma 1, the Fiedler vector Uy has the form of
(“Uzp-1 —Uzn—z - “Uppr 0 Uppr e Ugpp Uze)T, with  Uppg S uUppp > >
Ups2 > Upyq > 0. Furthermore, with the aid of Lemma 2, the largest gap of the adjacent entries
which equals to u, 4 is selected as the splitting value of gap cut. Referring to Figure 9, vertex V,,,; =
[bpy1bniz]is the splitting point since vertex V,,; is assigned with the splitting value u;, 4.
Consequently, the DNA sequence bbybs ... by, _1 b,y is bipartitioed such that two partitions are
produced, namely bybybs ...bp, b, 1 and by oby13by 44 oo Doyp_1boy, With length n 4+ 1 and length
n — 1 respectively, therefore the proof is completed.

4. Conclusions

In this paper, spectral bipartition via gap cut is applied to random selected DNA sequences of
length 12, 14 and 16, which are expressed in unit distance path graphs. The results show that spectral
bipartition via gap cut on DNA sequences of 12, 14 and 16 produces two partitions of unequal lengths.
Additionally, a few observations based on the spectral bipartition via gap cut on DNA sequences of
length 12, 14 and 16 are discussed, leading to generalization of spectral bipartition via gap cut on
DNA sequence with even length which includes the pattern of the entries of the Fiedler vector and
the largest gap of adjacent entries of the Fiedler vector in the form of lemmas. Consequently, spectral
bipartition via gap cut on DNA sequence with even length is presented which results in two partitions
with lengthn + 1 and n — 1 respectively.
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