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Nanofluids exhibiting high heat transmission ability are vibrant in modern-day 

industrial applications. As a result, scientists are always working to create more 

efficient mechanisms, efficient energy systems etc. Therefore a mathematical model 

with physical assumptions has been formulated in order to examine the energy and 

mass transport characteristics in a micropolar nanofluid flow. The purpose of this study 

is to examine the energy and mass transfer phenomenon of micropolar nanofluid flow 

over an exponentially stretching surface by incorporating Soret and Dufour effects.  It 

utilizes a model based on the Buongiorno model, incorporating the effects of Brownian 

motion and thermophoretic forces. By introducing suitable similarity variables, the 

flow modeled equations are into a set of nonlinear ordinary differential equations. 

Numerical solutions of this flow model are obtained using the Keller box method, a 

reliable and widely employed approach for solving nonlinear boundary value 

problems. Results show that, as the radiation parameter increases, the heat transfer 

rate of the fluid increases, while the energy transfer rate decreases. Additionally, it is 

observed that the increment in Dufour effect increases the temperature distribution. 

Moreover, skin-friction coefficient increases with the inclination factor, whereas 

energy and mass transmission rate decrease. 
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1. Introduction 

 

Nanofluid term refers to the suspension of solid nanoparticles such as silver, copper, titanium 

dioxide, or aluminum oxide in a base fluid like water, oil, or glycol. The thermal conductivity of regular 

base fluids is increased by adding metallic nanometer-sized particles to the base fluids. Nanofluid 

thermal efficiency can be predicted to be higher than that of the base fluids. Such fluids can be used 

in the cooling of nuclear reactors, electronic devices, vehicles, cancer therapy, and the heating and 

cooling of energy conversion processes. 

In experimental research introduced by Choi et al., [1], it was discovered that adding 

nanoparticles can improve the thermal conductivity of the base fluids. Buongiorno [2] discovered the 

convective transport phenomena in nanofluid flow and constructed a mathematical model to study 
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the performance of nanoparticles in a nanofluid flow, including the influences of Brownian motion 

and thermophoretic dispersion. 

Numerical and experimental analyses of nanofluid flow were investigated by Alhajaj et al. [3]. 

Recently, Najib et al., [4] performed stability analysis for the nanoliquid by considering a shrinking 

and extendable cylinder. Furthermore, Najid et al., [5] considered the nanoliquid for examining the 

second slip impacts on extendable/ contracting surfaces via stability analysis. Anuar et al. [6] probed 

the stagnation flow of a hybrid nanoliquid for an exponentially stretchy surface. They incorporated 

suction and injection impacts into their study. Studies by several authors [7-12] illustrate some recent 

investigations into nanofluid flows. 

Numerous engineering applications utilize the boundary layer flow through a stretching sheet, 

including reducing drag, improving grain storage, minimizing skin friction, and enhancing paper 

manufacture. Sakiadis [13] conducted the first investigation on boundary layer flow across a 

continuous solid surface with constant velocity. The effect of an electric field on the MHD flow of 

nanoliquid to a nonlinear extended surface with variable thickness was explored by Daniel et al., [14]. 

Complex partial differential equations are reduced to dimensional ordinary differential equations 

by suitable similarity transformations, and an implicit finite difference scheme is used to solve them. 

When the electric field decreases, the concentration, velocity, and temperature of the nanofluid are 

increased. 

Numerical modeling of boundary layer flow with electrically conductive nanofluid over a sheet of 

variable thickness, subjected to nonlinear stretching, was examined by Daniel et al. [15]. The 

stagnation point flow of a heated porous stretching sheet past a radiative magneto micropolar liquid 

was numerically investigated by Warke et al., [16]. Current research on the flow past a stretching 

sheet is mentioned by several authors [17-24]. 

Soret and Dufour impacts were analyzed by Hayat et al., [25] in the second-grade fluid's 

magnetohydrodynamic three-dimensional flow. Moreover, Najib and Bachok [26] examined the 

Soret and Dufour effects via stability analysis to check the behavior of energy and mass transfer for 

a moving surface. 

In order to account for thermal radiation, Soret effects, and Dufour effects, the energy and 

concentration equations were modeled. Sardar et al. [27] researched on the mixed convection flow 

of Carreau nanofluid over a wedge when Soret and Dufour effects were present. The effects of Soret 

and Dufour on heat and mass transfer in a salt gradient solar pond were examined quantitatively by 

Khan et al., [28]. 

The nonlinear radiative flow between two stretchable impermeable rotating discs was studied by 

Qayyum et al., [29]. The Soret and Dufour effects were also used. Anwar et al., [30] and Rafique [31] 

studied the impact of Soret and Dufour factors on the flow of nanoliquid over a porous surface. Soret 

and Dufour effects were considered during the modeling of energy expression. For numerical 

solutions, they used the Keller box approach.   

In view of the earlier literature there is no study available which discuss the Soret and Dufour 

effects on micropolar nanofluid flow over an exponentially stretching surface numerically via Keller 

box technique. In order to fill this gap, with a focus on micropolar nanofluid flow current research 

has been conducted. It consists on multiple complex phenomena including Soret and Dufour effects, 

Stagnation point flow, Inclination effect, Brownian motion and thermophoresis impacts in a single 

frame work. This investigation of various effects helps us to understand the flow behavior of fluid in 

various industrial and engineering applications including, paper production, heat exchangers and 

chemical reactors. Furthermore, the consideration of solutal and thermal expansions along with 

thermal radiations effects broaden the scope of this research to explore how these influences affect 

the flow dynamic. For the investigation of this article there are many numerical techniques, but we 
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chose Keller box scheme because it is easier to program, gives more accuracy and friendly use. 

Furthermore, we conducted this research to provide new perceptions and enhance the existing 

knowledge gap. 

 

2. Materials and Methodology 

 

In this article, we examined the micropolar nanoliquid flow above an exponentially stretchy 

surface. Further, for the analysis of energy and mass transfer, the impacts of Soret and Dufour are 

considered. Here, we consider both the stretching and free stream velocities as exponential 

functions, 𝑢!(𝑥) = 𝑎𝑒" #	% and 	𝑢 → 𝑢&(𝑥) = 𝑏𝑒" #	% 	where, 𝑎	and 𝑏 are constants, and 𝑥 is the 

coordinate measured along the stretching sheet. The fluid base includes micropolar finite-sized 

particles that rotate, in addition to nanoparticles. At the wall boundary, the temperature 𝑇 and 

nanoparticle fraction 𝐶 remain constant, denoted by 𝑇! 	 and 𝐶! respectively, representing the fixed 

thermal and concentration conditions at the wall. Furthermore, Figure 1 exhibits that as 𝑦 approaches 

infinity, the ambient values are denoted by 𝑇! and 𝐶!. 

 

 
Fig. 1. Physical model and coordinate system 

 

Equations that govern boundary layers, as viewed by several authors [32-34], are 
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Using the Rosseland approximation, Eq. (4) can be simplified and resulting in a reduced expression 

for the radiative heat flux, which is: 
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"#$∗
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The following physical quantities and variables are used in this research: 

 

• 𝑢 and 𝑣: velocity components in x and y directions 

• 𝜌: density of base fluid 

• 𝑘2∗: vertex viscosity 

• 𝛼 = /
(.4)$

: thermal diffusivity parameter, where k 

is the thermal conductivity, and (𝜌𝑐)> is the heat 

capacity of the base fluid. 

• 𝜏 = (.4))
(.4)$

: ratio of heat capacity of nanoparticles 

to base fluid 

• 𝜎: electrical conductivity 

• 𝜇: viscosity 

• 𝛾 ∗: viscosity of spin gradient 

• 𝑗 ∗: micro-inertia per unit mass 

• 𝛮: radiation parameter 

• 𝐷1: thermophoresis diffusion 

coefficient 

• 𝐷7: Brownian motion coefficient 

• 𝑐?: concentration susceptibility 

• 𝑐@: specific heat 

• 𝐾1: thermal diffusion ratio 

 

The imposed boundary conditions are given below: 

𝑢 = 𝑢!(𝑥) = 𝑎𝑒" #% ,			𝑣 = 0, 			𝑁∗ = −𝑛A 𝜕𝑢𝜕𝑦 , 𝑇 = 𝑇!(𝑥), 𝐶 = 𝐶!(𝑥)				𝑎𝑡		(𝑦 = 0) 

𝑢 → 𝑢& = 𝑏𝑒" #% , 𝑣 → 0, 		𝑁∗ → 0,			𝑇 → 𝑇! ,			𝐶 → 𝐶! 						as					𝑦		 → ∞.                        (8) 

 

When 𝑛A = 0 results in 𝑁∗ = 0	at the wall, indicating a concentrated flow profile where the 

micro-elements of rotational motion are restricted near the wall surface. To convert the nonlinear 

partial differential equations into nonlinear ordinary differential equations, we utilize similar 

transformations, which are specified. Stream function σ𝜓 = 𝜓(𝑥, 𝑦)  represented by:  
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The similarity transformations are defined using the exponentially stretching sheet's velocity in 

the following form: 
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In simpler terms, when Eq. (10) is inserted into Eq. (2) to Eq. (7), it will be converted to the 

following nonlinear ordinary differential equations: 
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Where prime notation represents derivatives with respect to 𝜂. M denotes Magnetic parameter 

which is known as the Hartmann number, 𝑃𝑟 stands for Prandtl number, 𝐿𝑒  denotes Lewis number, 

𝑁𝑡B=
+C
+B

 where 𝑁C is thermophoresis, and 𝑁B is Brownian motion, 𝜆 denotes Parameter for buoyancy 

forces, 𝑆D  stands for Soret number and 𝐷> denotes Dufour number. 	

 

The boundary conditions specified in Eq. (8) are transformed into: 

𝑓=(𝜂) = 1, 𝑓(𝜂) = 𝟢, ℎ(𝜂) = −𝑛J𝑓==(𝜂), 𝜙(𝜂) = 1, 𝜃(𝜂) = 1, 𝑎𝑡	𝜂 = 𝟢, 
 

𝑓E(𝜂) → 𝛾, 𝜃(𝜂) → 𝟢, ℎ(𝜂) → 𝟢, 𝜙(𝜂) → 𝟢		𝑎𝑠	𝜂 → ∞.                  (16) 

 

The Sherwood number (𝑆ℎ), skin friction coefficient (𝐶>") and the Nusselt number (𝑁𝑢), 
defined as follows: 
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'*
					and				𝑞H = −𝐷7 '8

'*
	𝑎𝑡		𝑦 = 0	 are the shear 

stress, energy flux, and. mass flux at the sheet, respectively. 

The connection between the skin friction coefficient 𝐶>"(𝟢) = (1 + 𝐾)𝑓EE(𝟢),. the reduced 

Sherwood. number −𝜙E(𝟢) and the reduced Nusselt number. −𝜃E(𝟢)	are expressed as:  

𝐶>"(𝟢) = 𝐶>`𝑅𝑒" , −𝜙E(0) = IJ

KLM5
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Here, the local Reynolds number is     𝑅𝑒" = N"M
5
89

O
. 

 

3.  Results and Discussion 

 

Here, we analyzed the numerical outcomes of transformed nonlinear ordinary differential 

equations from Eq. (11) to Eq. (14) under specified boundary conditions in Eq. (16), using the Keller-

box method for explanation. The Keller-box approach is a computer-based mathematical method for 

solving boundary problems. It divides the problem into smaller sections and then takes steps to arrive 

at an approximate solution. Since it is accurate and fast in solving problems, it is widely used in 

science and engineering. 

The numerical outcomes for the appropriate physical parameters are exhibited in tabular form in 

Tables 1 and 2, providing a clear and concise overview of the findings. The current results are 

compared to the existing outcomes of Ishak [31] and Bidin and Nazar [32].  Table 1 shows a high level 

of consistency observed between the findings. 

 

Table 1 

Evaluation of reduced Nusselt number −𝜃=(0) when  𝛿,𝑁𝑏,𝑁𝑡, 𝜆, 𝐾, 𝐿𝑒, 𝛾, 𝑆? , 𝐷I = 0and Ω = 90J 

𝑷𝒓 𝑴 𝑵 Bidin & Nazar [33] Ishak [32] Present results 

−𝜽/(𝟎) −𝜽/(𝟎) −𝜽/(𝟎) 
1.0 0 0 0.9548 0.9548 0.9548 

2.0 0 0 1.4714 1.4714 1.4714 

3.0 0 0 1.8691 1.8691 1.8691 

1.0 0 1.0 0.5312 0.5312 0.5312 

1.0 1.0 0 -- 0.8611 0.8611 

1.0 1.0 1.0 -- 0.4505 0.4505 

 

Table 2 

Values of −𝜃=(0), −𝜙=(0)  and  𝐶I$(0) 
𝑵𝒃 𝑵𝒕 𝑷𝒓 𝑳𝒆 𝑴 𝑲 𝑵 𝑺𝒓 𝑫𝒇 𝝀 𝜹 𝜸 𝛀 −𝜽/(𝟎) −𝝓/(𝟎) 𝑪𝒇𝒙(𝟎) 
0.1 0.1 6.5 5.0 0.1 1.0 1.0 0.1 0.1 0.1 0.1 0.5 45, 0.3257 1.7579 0.8452 

0.3 0.1 6.5 5.0 0.1 1.0 1.0 0.1 0.1 0.1 0.1 0.5 45, 0.1231 1.8333 0.8435 

0.1 0.3 6.5 5.0 0.1 1.0 1.0 0.1 0.1 0.1 0.1 0.5 45, 0.1404 1.8164 0.8425 

0.1 0.1 9.0 5.0 0.1 1.0 1.0 0.1 0.1 0.1 0.1 0.5 45, 0.1382 1.8562 0.8468 

0.1 0.1 6.5 9.0 0.1 1.0 1.0 0.1 0.1 0.1 0.1 0.5 45, -0.5131 3.2597 0.8490 

0.1 0.1 6.5 5.0 0.3 1.0 1.0 0.1 0.1 0.1 0.1 0.5 45, 0.3219 1.7514 0.9086 

0.1 0.1 6.5 5.0 0.1 3.0 1.0 0.1 0.1 0.1 0.1 0.5 45, 0.3392 1.7858 1.1116 

0.1 0.1 6.5 5.0 0.1 1.0 3.0 0.1 0.1 0.1 0.1 0.5 45, -0.1003 1.8731 0.8349 

0.1 0.1 6.5 5.0 0.1 1.0 1.0 0.5 0.1 0.1 0.1 0.5 45, 1.0610 0.4176 0.8344 

0.1 0.1 6.5 5.0 0.1 1.0 1.0 0.1 0.3 0.1 0.1 0.5 45, 2.8577 -0.0262 0.8974 

0.1 0.1 6.5 5.0 0.1 1.0 1.0 0.1 0.1 0.3 0.1 0.5 45, 0.3285 1.7636 0.7741 

0.1 0.1 6.5 5.0 0.1 1.0 1.0 0.1 0.1 0.1 0.9 0.5 45, 0.3308 1.7696 0.6685 

0.1 0.1 6.5 5.0 0.1 1.0 1.0 0.1 0.1 0.1 0.1 0.7 45, 0.3473 1.7941 0.5351 

0.1 0.1 6.5 5.0 0.1 1.0 1.0 0.1 0.1 0.1 0.1 0.5 𝟔𝟎𝟎 0.3251 1.7567 0.8622 
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The micropolar nanoliquid flow over an extending sheet is considered numerically via the Keller-

box approach, and the results are displayed in various plots. Figure 1 shows a physical representation 

of the problem. The outcomes are computed for embedded parameters and displayed in Figures 2 

to 12. 

 Figure 2 is plotted for the impact of the magnetic field M on velocity outlined for both 𝛾 < 1	and 

𝛾 > 1. The data indicates that the dimensionless velocity profile 𝑓′(𝜂) is reduced for < 1	 , but is 

enhanced for 𝛾 > 1 as the magnetic field intensity increases. 

 
Fig. 2. Impacts of the Magnetic parameter M on 𝑓=(𝜂) 

 

Moreover, as shown in Figure 3, 𝑓′(𝜂) exhibits an enhancement with increasing 𝛾  applicable to 

both cases of 𝛾 < 1 and 𝛾 > 1. The flow improves the boundary layer when 𝛾 > 1, representing that 

the free stream velocity exceeds the stretchable velocity, producing a noticeable change in the flow's 

behavior. Physically, the liquid motion near the stagnation point becomes more pronounced, causing 

the external flow to accelerate more rapidly. 

Consequently, the boundary layer thickness decreases as γ increases. Alternatively, a reverse 

boundary layer forms, while the stream's velocity is slower than the stretching velocity (𝛾	 < 	1). 
When 𝛾 = 1, there is no boundary layer improvement and, the stream's velocity is equal to the 

stretching velocity. 

An increase in the Prandtl number Pr is accompanied by a decrease in temperature and a 

reduction in boundary layer thickness, as shown in Figure 4, resulting in a thinner boundary layer. 

From a physical perspective, a larger Pr signifies that the fluid's momentum diffuses more easily than 

its heat, due to the greater momentum diffusivity relative to thermal diffusivity. The reduction in 

thermal diffusivity led to a decrease in temperature. 
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Fig. 3. Impacts of Velocity ratio parameter (𝛾)  
on 𝑓=(𝜂) 

 Fig. 4. Impacts of Prandtl number (𝑃𝑟) on 𝜃(𝜂) 

 

Figure 5 is depicted to show how the Dufour number 𝐷> affects the temperature profile. When 

we increase the values of the 𝐷>, the temperature field is seen to behave in an increasing manner. 

The temperature profile's behavior is displayed in Figure 6, demonstrating the impact of thermal 

radiation N on the temperature distribution. Enhancement in radiation parameter indicates to rise in 

the temperature profile, resulting in heat being produced in the flow field and an increase in the 

thermal boundary layer's temperature. 

 

  

Fig. 5. Impacts of  Dufour number  on 𝜃(𝜂)  Fig. 6. Impacts of Radiation parameter (𝑁) on (𝜂) 
 

Increases in 𝑁𝑏 (Brownian motion) create irregular particle movement, which warms the 

boundary layer and raises the fluid temperature. The temperature profile gets higher in response to 

these boosts in 𝑁𝑏. The thermophoretic effects on the thermal profile in opposition to 𝛾 < 1 and 

𝛾 > 1 are presented in Figure 8. The results of the thermophoresis display a clear association with 

the temperature field because changes in the wall and reference temperatures have a positive impact 

on the thermophoretic factor, resulting to a similar rise in the temperature profile. 
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Fig. 7. Impacts of Brownian motion parameter 

Nb on 𝜃(𝜂) 
 Fig. 8. Impacts of Thermophoresis parameter Nt on 

𝜃(𝜂) 
 

Figure 9 is depicted to show how the Soret number (𝑆D) affects the concentration profile. It has 

been noted that for larger values of 𝑆D, concentration profile is higher. Figure 10 displays impact of 

thermophoresis on concentration profile 𝜙(𝜂), considering both cases of 𝛾 < 1 and 𝛾 > 1. As 

shown in the figure, it is clear that the concentration decreases as the value of 𝑁𝑡	changes. 

 

  

Fig. 9. Impacts of Soret number.on 𝜙(𝜂)  Fig. 10. Impacts of Thermophoresis parameter (𝑁𝑡) on 

𝜙(𝜂) 

 

An increase in 𝑁𝑏 causes a decrease in boundary layer thickness, leading to a decrease in the 

concentration profile, as shown in Figure 11 for both cases of 𝛾 < 1 and 𝛾 > 1. Figure 12 shows a 

drop in the concentration outline as the Lewis number (𝐿𝑒) Increases. 
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Fig. 11. Impacts of Brownian motion parameter (𝑁𝑏) 
on 𝜙(𝜂) 

 Fig. 12. Impacts of Lewis number (𝐿𝑒) on 𝜙(𝜂) 

 

4.  Conclusions 

 

This research investigates the stagnation point flow of a micropolar nanofluid over an 

exponentially stretching inclined surface, incorporating the Soret and Dufour effects. Moreover, 

thermal radiation effects are incorporated in the energy equation. Further, Soret and Dufour effects 

are also taken in account which help us to understand the fluid behavior in practical applications. For 

numerical simulation a well-known numerical technique called Keller box method is employed. The 

key findings of current research include: 

• The value of −𝜃E(0) drops with the enhancement of 𝑁𝑏,𝑁𝑡,𝑀 and Ω , but rises with the increase 

in λ, γ, and δ.  

• −𝜃E(0) increases as values of 𝑆D  and 𝐷> are increases. 

• 𝐶>"(0) grows for higher values of 𝐷>.while,	−𝜙E(0) and 𝐶>"(0) lowers for higher values of 𝑆D  

• An expansion in the inclination factor (𝛺) results to an increase in 𝐶>"(0), but a decrease in 

−𝜙′(0) and −𝜃′(0). 
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